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PR
FOREWORD
A method of numerical analysis of separated flows is formulated and
implemented by a computer program for an IBM 360/65 computer in Fortran IV,
Level G. Preliminary results are cbtaincd to demonstrate applicability of
this approach to analysis of the nonsteady high Reynolds number flow about
a circular cylinder.
This study was conducted by the Space Division of North American
Rockwell Corporation for the Ames Research Center of the National Aero-
nautics and Space Administration. B. H. Ujihara, Member of the Technical
Staff, Methods and Criteria Unit of the Structures and Design Department,
was both Program Manager and Principal Investigator. H. R. McLaughlin was
responsible for the technical approach based upon the random sampling method.
The two layer polar grid system approach was developed by P. W. Welch.
J. E. Davis was responsible for the formulation and development of computer
programs for the multiple layer Cartesian grid system approach. Professor
Anatol Roshko acted as consultant throughout the inception and development
of this analysis method. The authors are indebted to Professor Roshko
for many invaluable suggestions to improve the mathematical model.
At the Ames Research Center, Mr. D. A. Buell was technical project
monitor. The authors wish to express their deep appreciation for the support
and enthusiasm provided by Mr. Buell and his associates. Without their
wholehearted support, this study could not have achieved its objective.
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SUMMARY
The problem of high Reynolds number flow about a circular cylinder is
attacked by a numerical analysis method based upon potential theory. Three
separate attempts are made to achieve practical capability to solve this
complex nonsteady fluid flow problem. The first is a method based upon
statistical sampling of discrete vortex velocity contribution. The second
and third methods are based upon influence coefficients employing polar and
Cartesian grid systems respectively, the last being the most rigorous.
Numerical results achieved indicated that the first two approaches,
while featuring rapidity—of solution, did not incorporate adequate control
of numerical accuracy. The third approach incorporated controlled numerical
accuracy and a more optimal utilization of the influence coefficient approach
for the high Reynolds number problem. The computer program developed for
the last approach demonstrated that the critical computer limitation Iles
in computational speed rather than size of core storage. A generation of
computers featuring two orders of magnitude faster computational speeds are
believed to be required before flows in the ten million Reynolds number
regime may be fully analyzed. Nevertheless, this study has brought to
fruition a method of separated flow analysis which is believed to be of
considerable value and practical capability in the lower Reynolds number
regime.
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INTRODUCTTON
An illuminating discussion of the theory of lift in 'Theodore VonKarman's
Aerodynamics (Reference 1) gives credit to both Kutta and Joukowski, for
establishing the now well known condition of no velocity discontinuity at the
trailing edge of an airfoil. According to Von Karman, "It is the salient
point in the theory of lift because it determines the magnitude of the
circulation." (Reference 1, page 44,)
Although this empirically based condition made possible the determina-
tion of airfoil lift by potential theory, the door to analysis of separated
flows abuitt stalled airfoils and bluff bodir5 1,v potc-itial theory remained
locked, The reason for this is not difficult to see. For one thing, separated
flows are profoundly affected by viscous effects in the boundary layer. The
interactions between the boundary layer and external flows could not be con-
veniently visualized. See9nd, there was universal agreement that the flow
outside the boundary layer behaved in an inviscid manner, but, the intricate
motions of the separated shear layers defied closed-form solution by any
available mathematical tools.
It is natural, then, that, a significant theoretical penetration of this
problem on the scale of the Kutta-Joukowski condition for airfoils was delayed
for more than fifty years until the development of today's digital computers.
A kaleidoscopic variety of technical challenges has beer), laid bare by the
space age, and its associated missile technology. Among these, in the area
of structural dynamics, is a particularly severe and incompletely understood
type of loading imposed upon launch vehicles by ground winds during launch
preparation.
The two-dimensional counterpart of this loading is found in the
separated flow about a circular cylinder. At the Space Division of NR, this
problem has been of considerable interest, and analytical efforts were evoked
toward its solution. The success encountered at Space Division with initial
exploratory NASA-funded studies applying potential theory to this problem has
led to what now appears to be the key to solution of separated flows by potential
theory. The emergence of a relatively well defined Reynolds number analogy
is all the more remarkable. In contrast to nonseparated flows, the equivalent
of the Kutta-Joukowski condition for nonsteady separated flows must be applied
instantaneously, and requires the digital computer as an indispensable adjunct
to its application and problem solution. This capability has led, finally,
to the current study directly oriented to development of a computer program
for solution of separated flow about a circular cylinder at high Reynolds
number.
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SPACE DIVISION op NORTH AMERICAN ROCKWELL CORPORATION
pp,ECEDING PAGE BLANK NOT FILMM
EXPERIMENTAL DEDUCTIONS
A PHYSICAL MODEL
Extensive experimental information is available in the literature
regarding fluid flow about a circular cylinder. These data., very often con-
flicting, have stubbornly refused to yield a full, consistent picture of the
underlying flow mechanics involved, especially at Reynolds numbers in the
critical range and above. Recently, however, there has emerged sufficient
understanding to permit at least a basic hypothesis regarding the Reynolds
number dependence of this flow, Roshko (1961) (Reference 2).
Accordingly, at subcritical Reynolds (Re) numbers, the generated
shear layer is laminar until well after its separation from the cylinder.
Experimental data, show, in fact, that for Re below approximately 200, the
separated shear layer remains laminar throughout its involvement with the
formation of a Karman vortex. Above 200, the shear layer undergoes
transition to turbulence at some point ahead of its connection with the Karman
vortex being formed. This shear layer transition point continues to move
forward as the flow Reynolds number is further increased. At the critical
Re, this transition point has moved forward until it is close enough to the
cylinder to directly influence the mechanics of shear layer separation. The
primary effect of this influence is the turbulent reattachment of the shear
layer following its laminar separation. Qualitatively, this reattachment is
explained by the increased mixing in a turbulent boundary layer resulting in
greater fluid momentum near the surface. This sub-stratum fluid, now
capable of withstanding a stronger positive pressure gradient, reattaches
and proceeds farther around the cylinder before its final turbulent separation.
The trapped fluid between the laminar s'eparation and turbulent reattachment
points is commonly referred to as a separation bubble. Its existence was
apparently first evidenced by flat spots in measured surface pressure
distribution many years ago (Flachsbart, 1929) (Reference 3). More
recently, with fluorescent particle -and-oilfilm photography, Cincotta, et al.
(1966) (Reference 4) obtained unmistakable evidence of such a separation
bubble up to a Re of 2. 5 x 10 6. (Their lower limit on test Reynolds number
was 0. 6 x 10 6 . ) Both the pressure flat spot of Flachsbart (Reference 3) and
the photographs of Cincotta, et al. (Reference 4) indicate the separation
bubble extends over approximately ten or twelve degrees. In the hypothesis
described by Roshko (Reference 2), this separation bubble is the factor
primarily responsible for the observed characteristics of lift and drag
^ 1
forces in the critical and postcritical Reynolds number regimes.
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The pronounced drop in drag coefficient at the critical Reynolds
number is explained by the narrowed wake caused by delayed separation of
the turbulent boundary layer as described above. At the same time, random-
ization of lift forces is attributed to sensitivity of the separation bubble to
local pressure perturbations in such a way that its position, size, and
dynamic behavior, both peripherally and along the cylinder axis, are affected.
The specific: manner in which the separation bubble causes randomization of
lift forces is not yet clearly known.
Finally, with further increase in Re, the boundary layer transition
point continues to move forward until it occurs well ahead of the point at
which laminar separation would occur. Under these conditions, separation
bubble formation is no longer tenable. Only one point of separation can
occur, and further increase in the Reynolds number produces only asymptotic
changes in the nature of the flow. In this flow range, a significant amount of
periodicity in the vortex shedding is once again observed. The associated
Strouhal number observed by Roshko (1961) and correlated with his Universal
Strouhal number is 0. 27. Cincotta, et al. (1966) measured a Strouhal num-
ber of 0. 3 in this range. This asymptotic flow Roshko has called the trans-
critical range. 'The supercritical Reynolds number range is then directly
associated with that flow which exhibits a separation bubble, and its range
extends from the critical Reynolds number to the beginning of the
trans critical. range.
VARIATION OF LIFT AND DRAG WITH REYNOLDS NUMBER
The experimental data generated by researchers on the subject of flow
over a circular cylinder is extensive. (For example, the compilation of
reports on this subject by Morkovin (1966) (Reference 5), ) Perusal of these
data and their coherent organization into meaningful results is a task of some
magnitude, particularly in view of the many anomalies that still confound the
subject.
In an analysis of this type, Roshko (1961) assembled an experimental
curve of steady drag coefficient from results of several investigators,
including his own. This curve is reproduced in Figure 1. On it has been,
superimposed more recent data obtained by Schmidt (1966) (Reference 6),
and Cincotta, et al. (1966) in the supercritical and transcritical Reynolds
number range.
The drag results of Schmidt and Cincotta appear to be in fairly good
agreement. Roshko's data indicate a consistently higher drag.
-4
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.According to Schmidt, "a possible reason for the difference in results
(between his and Roshko's) may be that the model surface conditions were
not alike. The model used by Roshko had a sand-blasted finish (in Reference 2
Roshko states that his cylinder had a surface roughness of 200 microinches),
while the cantilever model used here had a high polish. "
The cylinder employed by Cincotta, et al. , was "constructed of light-
weight aluminum honeycomb sandwiched between two thin aluminum skins.
No data are given on surface roughness.
Roshko's cylinder extended from wall to wall, as did that of Cincotta,
et al. Schmidt's cylinder was cantilevered and extended slightly over halfway
across the tunnel. It would appear from this that end effects on Schmidt's
cylinder were not of primary significance on steady drag, since his results
agree with those of Cincotta, et al. (1966). On the other hand, if surface
roughness is responsible for their drag difference, with Roshko's data, the
possibility arises that three-dimensional effects are important on a micro-
scopic scale. On this basis it would seem that free stream turbulence might
also be an important factor in determining forces on a two-dimensional cylinder.
Whereas the drag forces measured by Schmidt (1966), and Cincotta,
et al. (1966) are in substantial agreement, the same statement cannot be
made for their measurements of nonsteady lift. Cincotta, et al. (1966)
measured what they describe as "wide-band random" lift forces in the
1.4 x 10 6 to 3. 5 x 10 6 Reynolds number range. Between 3. 5 x 106 and
6 x 10 6 the lift forces are classed as "narrow-band random, " and from
6 x 10 6 to 18 x 10 6 Reynolds number, the lift forces are classed as random
plus periodic.
In contrast, Schmidt's preliminary analysis of his data (up to a maxi-
mum Reynolds number of 5 x 10 6) " do not disclose significant differences
from measurements made in the low supercritical Reynolds number range
(Re = 1 x 10 6 ). "
Whereas cylinder end effects were shown by Schmidt (Reference 6) to
be unimportant as far as drag is concerned, the same claim with regard to
nonsteady lift force is not obvious. It is believed that end-effect suppression
of periodicity in the nonsteady lift remains a distinct possibility. Morkovin
(1966) (Reference 5) in a review of the cylinder problem pointed out that
Keefe (1961) (Reference 7) at subcritical Reynolds numbers, .significantly
influenced the magnitude of lift coefficient (30 to 40 percent in measured rms
C I, ) by altering the spacing between end discs from 18 diameters to
3 diameters.
- 6 -
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Additional significant results found by Cincotta, et al. (1966), include
(1) Strouhal number measurements from 0.15 to 0.3 through wide-band random
and narrow-band random ranges of Reynolds number, and a constant value of 0.3
in the random plus periodic range, and (2) a distinct dispersion of t;onsteady
lift coefficient in the Reynolds number range below 6 million. While not
conclusive, the evidence indicated that both symmetric and asymmetric flow
states existed in a randomly interchangeable manner.
In this section, an attempt has been made to present latest concepts
in the understanding of this complex problem. The intent has been to con-
struct a physical model against which can be compared analytical results
in an evaluation of the validity of the two-dimensional mathematical model.
As can be seen, the physical model itself cannot be defined in all the neces-
sary detail. If three-dimensional effects are truly responsible for drag
differences measured by Roshko (1961), by Schmidt (1966), and by Cincotta,
et al. (1966) (References 2, 6, and 4, respectively), then a two-dimensional
analytical study must be qualified accordingly.
On the other hand, the physics of the flow are now sufficiently clear to
require that the following characteristics at least must be exhibited by a
mathematical model if it is to have any validity.
1. A critical Reynolds number in the range 10 5 < Re < 2 x 105
r	 wherein the drag coefficient drops rapidly from values between
1. 0 and 1. 2 to values between 0. 15 and 0. 3
2. A rise in drag coefficient with further increases in Reynolds
number until a plateau is reached in the Reynolds number range
between 3. 5 x 10 6 and 6. 0 x 10 6 ; drag coefficient associated with
this plateau may lie in the range between 0. 5 and 0. 7
3. Behavior of the drag coefficient, and loss in periodicity of the lift
will be closely associated with formation of a separation bubble
whose size is approximately ten degrees of arc length.
4. Restoration of periodicity in the transcritical regime and asso-
ciated asymptotic drag coefficient will be characterized largely
by disappearance of the separation bubble..
- 7 -
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THEORETICAL APPROACH
PREVIOUS INVESTIGATIONS
This study is the third in a series conducted for NASA to obtain analyt-
ical solutions of separated flow about a circular cylinder. This effort is
considered a culmination of developmental efforts leading to a practical
capability for numerical analysis of two-dimensional separated flows at high
simulated Reynolds numbers. In view of this conclusive nature, pertinent
features of accomplishments and results of the preceding two studies are
incorporated herein for continuity of overall effort description.
A basic hypothesis common to these three studies has been that the
nonsteady separated flow about a circular cylinder may be solved with
potential theory. The merit of such an approach was recognized many years
ago by Prandtl (1904) (Reference 8) who observed that significant viscous
effects in the flow about solid bodies are confined to a region close to the
body, and fluid in the remaining region behaves in an essentially inviscid
manner. Since that time, actual application of potential theory to analysis
of separated flows has been precluded by an incomplete understanding of the
flow mechanisms involved, the lack of practical mathematical means to solve
the non-linear motions of single and multiple vortex sheets, and finally the
absence of a complete mathematical model couched within the framework of
potential theory which would be applicable to the analysis of separated flows.
Rosenhead (1930) (Reference 9) was the first to investigate the motion
of a perturbed vortex sheet. He approximated the vortex sheet by a row of
equal strength, uniformly spaced (initially) point vortices, and found they
developed smoothly into larger vortex configurations. It is possibly an
indication of the painstaking effort required for his computations, that it was
not until nearly thirty years later that Birkhoff and Fisher (Reference 10)
re-examined the same problem--this time with the aid of an electronic
digital computer. Since that time, several investigators have attacked
various aspects of the problem of vortex sheet motion, most of them employ-
ing the discrete vortex approximation. In particular, Abernathy and
Kronauer (1961) (Reference 11) succeeded in showing that an initially plane
and parallel pair of equal and opposite strength vortex sheets (approximated
by discrete vortices) would, after a disturbance, degenerate and coalesce
into a Karman vortex street. It was largely on their success that Ujihara,
et al. (1966) (Reference 12) gave serious consideration to the formulation of
- 9 -
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a mathematical model for separated flows based on potential theory. It is
duly noted at this point that independent efforts with the same objective and
employing potential theory were conducted by Schindel (1964) (Reference 13)
and Gerrard (1965) (Reference 14).
All of these approaches employed the concept of discrete vortices to
represent the continuous, separated shear layer. And, in each case, finite
difference schemes were applied to numerically solve the individual motions
of these discrete vortices in conformance with potential theory and the
Helmholtz vortex theorems.
The mathematical model basically consisted of a circular cylinder
placed in a uniform stream. To this fluid region was superimposed free
discrete vortices introduced in a manner simulating the physical process of
a shear layer separating from the cylinder.
A cursory appraisal of this situation could easily lead to the expectation
that with such similar approaches, the results should have been identical,
leading to much duplication of effort. This, however, was not the case, and
results obtained were quite different. These differences resulted primarily
from the manner in which each investigator chose to simulate the generation
of shear layer vorticity by the use of discrete vortices. A detailed descrip-
tion of the vorticity transport simulation techniques employed by the various
investigators is best obtained from their respective documented reports.
If any comparative statement is to be made at all, it is perhaps that the
use of discrete vortices to represent a continuous shear layer appears to be
a far more valid assumption than believed by most investigators. The
particular technique employed by an investigator for simulating vorticity
transport with discrete vortices directly reflects the extent of his willingness
to accept the validity of this approximation. Fortified with the hindsight of
continued investigations based upon this assumption, it seems safe to state
here that discrete vortices can be an extremely useful approximation of a
continuous shear layer.
THE GENERALIZED KUTTA CONDITION (GKC)
The value of the Kutta condition for airfoils lies in its essential
simplicity, Its generalization to separated flows about bluff bodies should
likewise be simple. In the generalized sense, the Kutta condition actually
specifies two quantities; first, it defines the point on the airfoil at which
the Kutta condition is to be specified;-thea .•requ res that-the velocity
discontinuity there be zero. For nonsteady separated flows, it is necessary
to somehow specify not the absence of velocity discontinuity but the vorticity
time rate of transport from the boundary layer into the free stream; and the
point at which this transport occurs (i.e., detachment point).
- 10 -
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The simplest approach, of course, is to employ experimental informa-
tion to specify the separation-point location and the rate at which vorticity is
transported into the wake. Roshko (1954) (Reference 15) has conveniently
tabulated semiempirically determined values of this transport rate for various
bluff bodies.
This relatively simple Kutta condition succeeded surprisingly well for
the case of unsymmetric floe (i. e. , periodic vortex shedding). Numerical
solutions were obtained which clearly indicated a Strouhal frequency of 0. 2,
at C L amplitudes and C D values that compared well with subcritical Reynolds
number data.
On the other hand, this simplified Kutta condition failed in the case of
symmetric flow for which attempts were made to simulate the experimental
data of Schwabe (1943) (Reference 16). Computer graphs of the numerical
solution made clear that a constant vorticity transport rate produced an
ever-increasing wake cavity beyond all semblance of the physical case.
Various attempts were made to establish some empirical form of the vorticity
transport rate which would produce a wake cavity and drag curve in agree-
ment with that of Schwabe. All such attempts failed.
It was then concluded that the vorticity transport rate must be implicitly
defined as a function of instantaneous state of flow. To consider how this
might be done, recourse was taken to the free streamline theory employed by
Roshko (1954) (Reference 15) and Acrivos, et al. (1965) (Reference 17).
According to this theory, a free streamline dividing the wake portion of flow
from the nonseparated flow can be devised such that the free streamline
detaches from the body without producing discontinuities in either the pres-
sure or surface velocity. This detachment point is found to occur at a point
well forward on the cylinder, and is separate and distinct from the separation
point ordinarily associated with boundary layer theory. Further, the pres-
sure distribution given by Acrivos, et al. (1965), showed a pressure minimum
(or a velocity maximum in the case of steady flow) to occur in the neighbor-
hood of this detachment point. For the case of nonsteady flows, points of
velocity maxima do not necessarily coincide with points of pressure minima.
Both points were tried as points of shear layer detachment (vortex feeding
points) with little difference in results, either for symmetric or unsymmetric
flows. In general, however, velocities at a point are much easier to compute
than pressures at a point in nonsteady flow.
Based upon this evidence, an implicit, generalized Kutta condition,
purely empirical, was formulated and expressed as follows:
- 11 -
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Shear layer detachment occurs at points of velocity maxima.
The time rate of vorticity transport into the free stream at
these points is simply 1/2 Us
 where U s
 is the local surface
velocity.* In nonsteady flows, this generalized Kutta condi-
tion must be satisfied instantaneously, hence must be
reapplied at each time step in a finite difference solution.
Numerical solutions for the nonsteady symmetrical flow problem with
this generalized Kutta condition produced drag buildup curves which demon-
strated marked similarity to the experimental data by Schwabe (1943). These
results pertaining to the development of this generalized Kutta condition are
presented in detail in Reference 12, by Ujihara, et al. (1966).
COUNTERVORTICITY
Closely associated with the generalized Kutta condition (GKC) described
in the preceding section is the subject of countervorticity. Fully interpreted,
the GKC does not place any limit upon the number of velocity maxima - hence,
vortex feeding points - which may occur. In the physical flow about a circular
cylinder, of course, the points of primary velocity maxima occur near the
points of maximum dimension athwart the free stream. Points of secondary
velocity maxima could, however, occur over the wake-exposed portion of the
cylinder. Whether or not such points actually give rise to any significant
amount of countervorticity appears experimentally to be a matter of some
uncertainty.
Ujihara, et al. (1966) (Reference 12), found from their numerical
solutions that with vorticity provided only by the primary vortex feeding
points, the computed nonsteady pressure distributions over the cylinder sur-
face exhibited a distinct pressure drop over a portion of the rear face con-
trary to experimental evidence. This drop was evidently caused by significant
reversed velocities over the rear face induced by the mechanics of Karman
vortex formation. In the case of symmetric flows, dual pressure drops were
observed, evidently caused by the velocities induced by counter-rotating twin
vortices in the symmetric wake cavity. It was reasoned that, physically,
this would give rise to a certain amount of reversed vorticity generation.
Modifications were then incorporated to select a third point of velocity maxi-
mum from the wake-exposed portion of the cylinder. This countervorticity
was then introduced in accordance with the GKC. It was found that with this
added refinement, correlation with experimental pressure distributions was
quite good. In addition, because the counter-vorticity tended to remain
stationary in the wake region of the cylinder, this introduction was sharply
curtailed once the flow simulation was in progress.
*The strength of a vortex sheet is equal to the velocity difference between the
sides of the sheet. The tangential transport velocity of a sheet is average of
the velocities on the two sides. Hence the vorticity transport rate is their
product. (Reference 15, page 13)
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As a precautionary note, it was found that points of velocity maxima
in the wake region should be selected with care, since the fluid region in the
wake is interspersed with discrete vortices, and very localized high veloc-
ities would sometimes occur due to excessive proximityofavortex. Another
important feature of a counter vortex generated in the wake is that its sign
or direction of rotation, is not known in advance, and sufficient logic must be
introduced for its determination.
INSTABILITY AND TRANSITION TO TURBULENCE
Having postulated a generalized Kutta condition, there still remain
certain free parameters, ' Among these is the time interval through which
shear layer vorticity is allowed to accumulate into an incremental discrete
vortex. It could be argued that this time interval should be as small as
practical, being limited only by computer capability, since the discrete
vortex is but an approximation of a continuous vortex sheet.
This philosophy was in fact initially followed, and numerical accuracy
investigations were made to determine if some asymptotic limit existed on
the fineness of vortex representation necessary to essentially satisfy the
motions of a continuous vortex sheet, The perplexing results of this inves-
tigation led Ujihara, et al (1966) (Reference 18) eventually to the attachment
of a completely new and fundamental significance to the finite vortex repre-
sentation of a continuous vortex sheet. This study of numerical accuracy
was conducted with only the bare essentials of the problem. A uniform flow
over the half plane, y = 0, was assumed. A unit distance above the plane,
at x = 0, discrete vortices were introduced at constant frequency in time.
The development and motion of this train of vortices were studied, with
frequency of introduction and numerical integration accuracy as parameters.
It was found that a type of instability invariably manifested itself. The
vortices at some distance from the stationary feeding point would depart
from the smoothly developed curve into an irregular pattern several times
wider than their initial spacing, The baffling aspect of this phenomenon lay
in the fact that a finer vortex representation and/or improved integration
accuracy caused this instability to appear earlier in the flow.
This behavior, completely contrary to the notion of inaccuracy due to
coarseness of assumptions and numerical solution, indicated a new interpre-
tation was required. Furthermore, the similarity of this vortex instability,
to laminar shear layer transition to turbulence was strongly suggestive.
A study of this instability was therefore made from both a theoretical
viewpoint as a Helmholtz instability, and a physical viewpoint as indicative
of transition from laminar to turbulent flow. The results of this stability
r	 study are presented in detail in Reference 18 by Ujihara, et al (1966). They
- 13 -
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show that this instability can be interpreted as both the Helmholtz instability
and as indicating transition to turbulence in a physical shear layer. For
clarity, it is emphasized that no comparative statements are made regarding
the post-transition turbulence in real flows with the state of flow found in the
post - instability regions of the discrete vortex flows.
During the course of this investigation, an equivalent shear layer thick-
ness was identified for an infinite row of equally spaced vortices, as the
maximum width of the zero streamlines (see streamline plot, Lamb, p. 225).
The maximum half width of this zero streamline is
S eq = 0.281 b	 (1)
where b is the vortex spacing. This is further related to the vortex feeding
time by assuming that
U t^'^s
b ='
2
where U s is the nondimensional surface velocity at the feeding point, and t*
is the nondimensional vortex feeding period.
A REYNOLDS NUMBER ANALOGY
As a direct outgrowth of this stability study, it became possible to
identify a quantitative relationship between the flow Reynolds number and the
vortex feeding period t*. The stability study indicated this relationship to be
of the form,
constant
R =	 (Reference 18).	 (3)
2 
Experimentally, it is known that the shear layer forming a Karman
vortex remains completely laminar for Reynolds numbers below approxi-
mately 200, and begins to exhibit evidence of instability above this value,
Roshko (1954) (Reference 15). From numerical solutions of periodic vortex
shedding, it was observed that evidence of vortex breakup began at t * —= 0. 35.
Hence
Constant = Re(t*2 ) C 200(. 35) 2 -= 25.	 (4)
The value of this constant was checked approximately in another way. The
laminar boundary layer thickness at separation is given by Schlicting ( 1960) as
6BL= 3 (Reference , 19)	 (5)fRe
- 14 -
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Substituting the equivalent shear layer thickness, from Equation 1
b eq = 0. 28 Us t* = 3
Re
and letting Us t 2, there results
9	 ti 29	 (6)Re 0. 314 t*?- 02
At this point there remains one additional parameter to be defined--the radial
offset of the feeding point from the cylinder surface. Regarding a row of
vortices in terms of its equivalent shear layer, the radial offset should
ensure that fluid does not pass between the row of vortices and the cylinder,
since this would be contrary to the physical case. From investigations made
during their second study, (Reference 18) Ujihara, et al. (1966) found a
radial offset of no more than 0. 1 U t'°to be necessary for t * gregter than
0. 2. For t* less than . 05, an offset of 0. 3 Us t * was found satisfactory.
This offset was governed by the requirement of preventing flow through
between the shear layer and the cylinder, which was found to have a large
drag reduction effect for larger offsets.
Admittedly crude in some respects, the essential mathematical model
is now complete. The initial conditions consist of a source-sink cylinder in
steady uniform flow. To this flow are added small discrete vortices in
accordance with the generalized Kutta condition,, and the Reynolds number
being simulated. The solution is then carried out by finite-difference numer-
ical integration for each vortex added to the flow. Since the flow is calculated
numerically, symmetric initial conditions produce symmetric solutions unless
perturbed in some form or another. These perturbations may consist of
"gust" type initial vortices, or simply an initial asymmetric array of vor-
tices near the cylinder,
The extent to which this simulated Reynolds number will hold has yet
to be established, Results of the previous studies indicate that subcritical
Reynolds number flows are simulated quite well in the near wake. The
numerical values obtained for Strouhal frequency, nonsteady lift and drag
coefficient, and nonsteady pressure distributions over the cylinder have all
demonstrated a good correlation with experimental data. The correlation
obtained between vortex instability and transition to turbulence is considered
to be of basic significance. Many investigators (Hama & Burke, 1968;
Van deVooren, 1964; Takami, 1964; and Birkhoff and Fisher, 1959) (Ref-
erences 21, 22, 23, and 10, respectively), have encountered this same type
of instability in their numerical investigations of vortex motions.
- 15 -
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Some have interpreted their observed instability as inaccuracies in
their numerical solutions; others have accepted this.instability as physical
manifestations of the theoretical Helmholtz instability of a vortex sheet. As
yet the interpretation of this instability as a representation of transition
to turbulence appears to be quite new. The consequence of this interpretation
in the form of an equivalent Reynolds number analogy, to the extent of its
validity, opens a new door in the application of potential theory to the
analysis of separated flow.
With this mathematical model, the requirements for the solution of
simulated higher Reynolds number flows are defined primarily by increasing
fineness in the strengths of the individual discrete vortices. Looking back
upon the experimentally based observations of high Reynolds number flows
described earlier in this report, no new characteristics other than those
already demonstrated by the mathematical model appear to be required. It
is on this basis, then, that the numerical solution of simulated high Reynolds
number flows has been attempted in this current study.
THE HIGH REYNOLDS NUMBER PROBLEM
Of primary interest are numerical solutions at supercritical and trans-
critical Reynolds numbers. From Equation 3, with a constant of 25, it is
seen that to reach a simulated Reynolds number of 10 million the feeding
period t* must be approximately 0. 0015. Assuming that a real-time solution
of at least 5 is necessary, as many as 3500 feeding periods must be einployed.
The number of vortices in the flow would then be on the order of 104.
The numerical solution involves computation of each vortex motion
induced by every other vortex in time increments no greater than the feeding
period. For such a requirement, the speed and capacity of today's computers
would be sorely taxed to achieve significant time solutions at even a few
hundred thousand simulated Reynolds number. Clearly, if practicable tech-
niques are to be developed for solution of high Reynolds number flows, a
computational scheme must be developed to take advantage of all possible
computational shortcuts that can be made without compromising validity of
computed results. Initial investigations along these lines revealed several
contributing factors which, when combined, indicated that simulated high
Reynolds number flows (in the millions) could be made practicable. These
were
A new generation computer would be available (in this case, the
IBM 360/65 computer) which would make available direct access
core storage of approximately 100, 000 locations compared to
approximately 25, 000 available on the older IBM 7094.
- 16 -
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The IBM 360/65 computer operated approximately 2.5 to 3 times
faster than the older model.
Two potentially workable methods of numerical computation were
apparent, which would drastically reduce the number of compu-
tations required, contingent upon their satisfaction of accuracy
requirements. These were
A random sampling method developed at Space Division of
NR which had been applied with considerable success on
solving certain sample type mathematical problems, but
hitherto not on a large scale.
A basic scheme.£or taking advantage of the large reduction
in velocity gradient due to an individual vortex with
increasing distance from it. The obvious implication was
that a grid system approach employing influence coefficients
could conceivably reduce the number of computations to make
high Reynolds number solutions feasible.
In the investigations that follow, these possibilities are explored in
greater detail. The random sampling method, while believed to have considerable
application potential is found to require development effort considered beyond
the scope of this study.
Two separate variations of the influence coefficient method are developed,
the first being based upon an influence coefficient system using two basic
grid sizes. A second approach employing a scheme incorporating a variable
number of grid sizes is then developed after it is seen that the two grid
system would have limited capability for th y: very high Reynolds number range.
c 17 ..
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RESULTS ON THE HIGH REYNOLDS NUMBER PROBLEM
The superposability of individual flows based on potential theory reduces
the problem of determining composite fluid velocities to that of summing
directly the individual contributions induced by each flow component. In the
case of free discrete vortices convecting about a circular cylinder in uniform
flow, the individual vortex velocities are determined by summing the contri-
butions from all the vortices in the field, together with those due to "image"
vortices required to satisfy the cylindex boundary conditions. The total vortex
velocity, of course, must also include that due to the cylinder in uniform
flow.
Each vortex induces the well known 1 /r variation in velocity magnitude,
with streamlines concentric about itself. Thus, the mathematical definition
of induced field velocities is straightforward, and is expressed by Equa-
tions D-6 and D-7. The difficulty in the solution lies in the sheer magnitude
of repetitive computations that must be made when the number of vortices is
as large as that required for meaningful high Reynolds number solutions.
In searching for possible means of simplifying these computations, the
first characteristic that became apparent was that the 1/r variation in the
vortex velocity profile produces a velocity gradient proportional to 1 /r2,
implying that precise velocity contributions must be determined only for those
vortices in the immediate neighborhood of the field point whose velocity is
being assessed. For the same accuracy, vortices farther away could have
their contributions determined by simpler and more rapid methods.
A RANDOM SAMPLING METHOD
Along these lines, consideration was first given to a potentially promis -
ing technique for evaluation of vortex induced velocities based upon statistical
sampling. For certain isolated :mathematical problems such as the evalua-
tion of an infinite convergent series containing only positive terms, the com-
putational magnitude was reduced by orders of magnitude compared with
conventional . evaluation methods. The evaluation of instantaneous vortex
induced velocities at a point is expressed by a series which, unfortunately,
contains terms which are not all positive. The resulting "small difference
of large numbers" effect was found to cause unacceptable error, especially
near the circle boundary (Figures 2, 3, 4). While the method is still con-
sidered potentially useful, the development effort required to fully develop
s
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INITIAL ULL LOCATIONS AT TIME =	 2.0200	 OELTC=	 0.1000	 CASE NO.	 1104.6601
Figure Z. Random Sampling Initial Condition (T = 2. 02)
91 CCLLS CELL LOCATIONS AT TIME = 2.5000 AM
	 OELTC= 0.1000	 CASE NO. 1204.0001
VA - AXIS
Figure 3. Random Sampling Solution (T = 2. 5)
- 2U -
SD 68-332.
SPACE DIVISION of NORTH AMERICAN ROCKWELL CORPORATION
`	 62 CELLS	 CELL LOCATIONS AT TIME =	 310001 A/U	 OEITC=
	 0.1090	 CASE NO. 1294.6607
4
#	 O
2
#
#
O
#
O
-2
.	 O
-4
=	 O	 -	 2	 4	
6
X/A - AXIS
Figure 4. Random Sampling Degeneration (T = 3. 0)
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its usefulness appeared beyond the scope of this study effort. It was conse-
quently discontinued in favor of a more straightforward approach involving
influence coefficients. However, the underlying theory of this method is
presented in Appendix A with a brief description of results obtained.
MODULAR TWO-LAYERED POLAR GRID SYSTEM
The first attempt at the application of an influence coefficient method
to the high Reynolds number problem emphasized simplicity of computer
logic. This was in recognition of the basic complexity unavoidably associated
with identification and movement of large data quantities in the numerical
solution of vortex motion. The formulation was couched in polar coordinates
because of the natural coincidence that could be achieved between the circle
boundary and a polar grid system. Use of a logarithmic increase in radial
grid divisions, and constant angular divisions permitted grid "squares" to
retain a constant aspect ratio irrespective of position in the field. In addi-
^ion, this type of polar grid system permitted a relatively high degree of
standardization in the velocity influence coefficients. The calculation of
velocities in the boundary layer region was especially simplified by the
assumption that a grid square coincident along one edge with the circle bound-
ary was represented by a square grid along a flat plate boundary. With this
assumption, the equivalent of flat plate equations in polar form could be
utilized. The details of this approach are more completely described in
Appendix B.
During the course of computer program development, certain additional
assumptions were made regarding the velocity contbributions to a vortex.
These assumptions were made primarily on an intuitive basis, without ade-
quate confirmation by numerical investigations. This computer program
exhibited considerable rapidity of numerical solution. However, as the pro-
gram reached operational status it became evident that these assumptions
were excessively crude, and precluded a realistic wake formation.
Some preliminary computer results obtained from the two-layered
polar grid are shown in Figures 5 through 16. • These results were obtained
from the version of the program that coeisidered only vortices in the respec-
tive individual small boxes for the "exact" velocity computation. The time
required for these solutions were of the order of 4 minutes of computer time
to reach 325 vortices in the flow field.
Results from 3 cases are shown.
1. Symmetric vortex shedding at simulated Reynolds number 62, 500
with 5 integrations per feeding time, 300 vortices (Figures 5-8).
22
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2. Unsymmetric vortex shedding at simulated Reynolds number
62,500 with 5 integrations per feeding time, 300 vortices
(Figures 9-13).
3. Unsymmetric vortex shedding at simulated Reynolds number
10,000 with 5 integrations per feeding time, 350 vortices
(Figures 13-16).
The four figures for each case illustrate development of the flow field when
approximately 70, 140, 210, 280 vortices are present. The grid size employed
for these cases was 16 angular increments (big boxes) and 15 radial increments.
Of particular interest are the vortex positions for simulated Reynolds
number of 62,500 in Figures 7 and 8. These vortex patterns indicate the
possible formation of a separation bubble, and provide a degree of confirma-
tion in validity of the model. Experimentally, the occurrence of a separation
bubble is reported to occur at Reynolds number in the range of 100,000 to
500,000.
The flow depiction at simulated Reynolds number of 10,000 in Figures
13-16 show the least similarity to experimental data. In this Reynolds
number range, there is typically a wide wake and laminar shear layer separa-
tion. This lack of correlation is believed due to limitations of the model
in numerical integration accuracy at simulated Reynolds number in this range
and below.
The more realistic solution at a simulated Reynolds number of 62,500,
as compared with 10,000, evidently stems from:the fact that the two grid
system, as °oimulated, results inincreasing sccu7cacy with smaliex
grid size. In this approach, the.smallest grid size was held proportional
to experimentally predicted shear layer thickness at separation.
MODULAR MULTILAYERED CARTESIAN GRID SYSTEM
In recognition of limitations on accuracy and on Reynolds number imposed
by the two-grid .zystem, a more sophisticated influence coefficient approach
was developed. At possible expense of computational speed, control of
numerical accuracy was emphasized to a much greater degree.. Furthermore,
care was taken to insure that the computer program would retain necessary
flexibility with respect to requirements imposed by Reynolds number in-the
range of interest. 'In this regard, the most notable feature is the scheme
of modular grid expansion employed whereby the induced velocity from more
distant vortices were accounted for by associating them with larger grid
squares. By this means, full advantage was taken of the l;r variation in
vortex induced velocity. A more.thorough, description of this method is
given in Appendix C.-
Aside from the arithmetic . computations, the ,primary logical task
performed by the . computer program is the efficient identification of
vortices by their.respective grid squares. Relatively sophisticated computer
logic was required to implement this logic. It is characteristic of computer
23
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Figure 5. Symmetric Vortex Shedding At RENO = 62500 (64 cells)
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Figure 6. Symmetric Vortex Shedding at- RENO = 62500 (144 cells)
- 25 ..
SD 68332
SPACE DIVISION of NORTH AMERICAN ROCKWELL CORPORATION
204 CELLS	 TIME =2.020 A/U	 FEED PERIOD :0.020	 INTEGRATION TIME c0.004CASE NUMBER 80961.0000
4.0
	
i	 I
I
	
I
r.0
	 FT-
I
	
I
_	
I
	
-	 1
1
1
-w. 1)
c
i
1
-4.0
.0	 0	 1.0	 4.0	 4.0
X/A -AX13
Figure 7, Symmetric Vortex Shedding at RENO _- 62500 (204 cells)
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Figure 8. Symmetric Vortex Shedding at RENO = 62 500 '(264 cells)
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Figure 9. Unsymmbtric Vortex Shedding at RENO = 62500 (64 cells)
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Figure 10. Unsyinmetric Vortex Shedding at RENO = 62500 (144 cells)
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Figure 12. Unsymmetric Vortex Shedding at RENO = 62500 (284 cells)
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Figure 13. Unsymrnetric Vortex Shedding at RENO _ = 10000 (64 cells)
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Figure 14. Unsymmetric Vortex Shedding at RENO = 10000 (144 cells)
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programs containing a large amount of logic that all logical programming
errors are not detected in the checkout phase. Nevertheless, the program was
considered to have reached operational status on the basis of comparative
numerical solutions obtained at low. simulated Reynolds number.
In Figures 17, 18, and 19, these solutions are compared with those
obtained directly from the vortex equations. Initial conditions are the same
for all cases shown in these figures. These, and the variable input data are
shown in Tables I, II and III. They consist of a source sink cylinder in
uniform potential flow to which has been added an arrangement of free vortices.
Selection of these initial vortices was arbitrary, their main purpose was to
initiate sufficient flow asymmetry to rapidly induce unsymmetric flow. Thus
the vortices are symmetrically arranged, but the upper group have strengths
four times those of corresponding vortices on the cylinder lower side. The
time integration steps in each case involve the same finite differences and
computer instructions. The direct solution from the vortex equations
(Figure 17) was obtained with the IBM 7094 computer, whereas the IBM 360/65
was used for the solutions by influence coefficient (Figures 18 and 19). This
difference in computers is conjectured to have little or no observable
effect in the time solutions shown.
on the other hand, certain unavoidable differences unrelated to the use
of influence coefficients were Incorporated in the numerical procedures
leading to these comparative solutions. These were in the mechanics of
vortex introduction. For Case 1, two vortices, one on either side of the
cylinder were introduced at the characteristic feeding period, The points
of vortex introduction were the first Instantaneous pressure minimum points
aft of the forward stagnation point. Their radial location was held constant
at 1.1 a/Uo. For Cases 11 and ITI three vortices instead of two were intro-
duced at the characteristic feeding period. Their points of vortex intro-
duction were peripherally located at the points of three largest velocity
maxima on the cylinder surface, r/a = 1.0. Radial location of these feeding
points were placed at 0.1 GsT/a, where Us is the computed tangential velocity
at the cylinder surface immediately below each respective feeding point, and
T is the characteristic vortex feeding period. Thus the radial position of
the feeding point was proportional to local velocity.
It is also noted that"the cylinder surface velocities, once determined,
were subsequently subjected to a smoothing process in order to eliminate
unwonted local peaks. As described in Appendix C, this attenuation was.achieved
by replacing the computed value by the mean of absolute velocities .at.a
certain number of points NPBS Immediately to either side., The.particular
value of NPPS to be used was specified as input . data, Thus greater attenua-
tion resulted with larger values of NUS.
Aside from this basic difference in the mechanics of vorticity generation,
the flow problem solved in Cases I, II, and III are purportedly the same.
Therefore, a comparison of Figure 17 with Figures 18 and 19, taken together,
presumably reflect this change. The differences between Case II and Case III
are considered to be due to the difference of smallest influence coefficient
grid size, GRDZ, employed. Computed drag time histories for these cases are
shown in Figure 20. Addition of a third vortex at each feeding period is
_36_
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considered to be primarily responsible for the lower drag shown by.Case.11,
compared to Case 1. The even lower drag shown for Case II is considered
to be the result of specifying a value for NPES of 5 as compared to 3 for
Case III. It is clear tha NPES is.a highly critical parameter, and a more
careful study of its effects could be made to verify acceptable values.
Case I1, (Figure 18) which shows vortex positions most similar to those
in the direct solution of Case I, employed a smallest grid size of 1.0 a/Uo.
With a smallest grid size equal to twice the feeding period of 0.5, it
may be seen that for any given vortex position, its surrounding 3x3 arrangement
of grid squares will cover most of the vortices in the field, for the relatively
small real time solutions considered. Therefore, most of the velocity of a
given vortex will have been computed by the exact equations, so that Figure 18
represents what is nearly an 'exact" solution, although, as discussed above,
NPES appears to have been too large.
Case III (Figure 19) presents the results obtained with a smallest grid
size of 0.1 a/Uo. Since the exact equations for vortex velocity are employed
for vortices in the same 3x3 arrangement of smallest grid squares, this
reduced grid size relative to the feeding period of 0.5, would eliminate most
exact computations. Thus the solution depicted in Figure 19 may be considered
to have been obtained largely on the basis of influence coefficients. As
might be expected, a noticeable scattering effect is apparent on the vortex
positions of Figure 19 compared with those of Figure 18. Since a theoretical
error limit on velocity calculated by influence coefficient is thirty percent,
as discussed in Appendix C, this scattering effect is presumed to be the
result of these inaccuracies.
One additional effect worth noting is the fact that vortices occasionally
approached too near the circle boundary in Case 11, and received excessively
large velocity increments from its image. This is what caused the break in
the drag curve for Case 11 shown in .Figuxe 20. Since this problem was not
encountered in Case 1, it is tentatively concluded that the addition of a
third vortex at each feeding period, and specifying the radial separation of
the feeding points proportional to local velocity are the cause of this
problem. At any rate this effect is not new, and for the higher Reynolds
number solutions, it was known that this type of instability would invariably
occur, unless artificially.prevented. The scheme employed in this numerical
scheme was to move a vortex radially outward to some incremental separation,
REPS, whenever its vortex position was numerically integrated to any point
within REPS. For Case III the value of REPS used is given in Table III to be
1.05.
The inaccuracy induced by influence coefficients is intriguing in th6
sense that they cannot be eliminated by refined integration. The possibility
of interpreting this effect in some manger analogous to free stream turbulence
appears to deserve further consideration. If such an analogy can be established,
its importance for permitting more realistic simulation physical flows is obvious.
From a computational point of view, an equally important possibility is the extended
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Figure 18. Solution with Influence Coefficient Program
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Table I
INITIAL CONDITION DATA
VORTEX X/A Y/A S/U*A IDX IDY
121 00181 1.085 0455 21 22
122 0.372 1.042 0.052 21 22
123 0.537 0.977 0.046 21 21
124 0.681 0.,898 0.039 21 21
125 0.804 0.813 0.032 21 21
126 0.910 0.727 0.025 21 21
127 1002 0.645 0.019 22 21
128 1.085 0.571 0.014 22 21
129 1.164 09505 0.010 22 21
130 1.243 0.447 0.008 22 21
131 1.329 0.397 0405 22 21
132 1.425 0.356 0.004 22 21
133 0.191 -1.085 -0.014 21 14
134 0.372 -1.042 --0.013 21 19
135 0.537 -0.977 -00011 21 20
136 0.681 -0.898 -00010 21 20
137 0.804 . -0.813 -0.007 21 20
138 06910 -0.727 -0.006 21 20
139 1.002 -0.645 -0.005 22 20
140 1.085 -0.571 -0.004 22 20
141 1.164 -0.504 -0.003 22 20
142 1.243 -0.447 -0.002 22 20
143 1.329 -0.397 -0.001 22 20
144 1.425 -0.356 -00001 22 20
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-"1 Table II
HIGH REYNOLDS NUMBER VORTEX SHEDDING
INPUT DATA CASE NUMBER	 813.010
NN 24 CORT 000
NFOR 10 NPLOT 20.
NPRES 100
IONC 250 ITFIN 400
INTEG 1
IGRP 2	 3 4 10	 13
NSTEP G	 1 1 1	 1
RFAR 1000000 CONDR 01100
RENO 100. RECON 25.000
TURB 990.000 ICENT 1
GRDZ 1.000 XTEST 100000
XSHF 20.000 YSHF 20.000
XL —2.000 XR 10.000
YB —6.000 YT 6.000
DXGRA 2.000 DYGRA 2.000
NPES 5 NPCIR 120
CASENO 813.010
COMPUTED CONTROL DATA
DELT 010500 LUNT 10
NFEED 1 RNEAR 1000000
REPS 1.00000	 -  RIM —10000
I UJ I NO 4
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Table III
HIGH REYNOLDS NUMBER VORTEX SHEDDING
INPUT DATA CASE NUMBER 724.010
NN 24 CURT 0.0
NFOR 10 NPLOT 20
NPRES 100
IDNC 186 ITFIN 400
INTEL 1
IGRP 2	 3 4 10	 13
NSTEP 0	 1 1 1	 1
RFAR 4.000 CONOR 0.100
RENO 100. RF,CON 25.000
TURB 5.000 ICENT I
GRDZ 0.100 XTEST 10.000
XSHF 20.000 YSHF 20.000
XL -2.000 XR 10.000
YB -6.000 YT 6.000
OXGRA 2.000 DYGRA 2.000
NPES 3 NPCIR 120
CASFNO 774.010
COMPUTED CONTROL DATA
DELT 0.0500 LUNT 10
NFEED I RNEAR 1.500
REPS 1.05000 RIM 0.800
IUJINO 4
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range of Reynolds number that becomes amenable to analysis. By virtue of the
simplification of computations made possible by the acceptability of this
type of error, an increased number of vortices may be analyzed for the same
computational effort.
The benefit. to be gained along these lines is illustrated in Figure 21.
The shaded region in this figure shows the range of computer machine time
required to reach a given number of vortices in the field. The exact extent
of this range in terms of quantitatively defined effects upon the numerical
solution have yet to be defined. Nevertheless, preliminary study has shown
that a factor of four can be gained in computational speed with results
which still correspond well with experimental lift and drag data. Consider-
able work along these lines remains to be done before the benefits and
pitfalls of the effects of influence coefficient induced errors can be
clearly defined. The purpose of this discussion is primarily to emphasize
such a possibility as being a potentially valuable tool for further exploitation.
In conjunction with Figure 21 it may be stated that the critical computer
limitation on numerical solution for high simulated Reynolds number is compu-
tational speed, rather than size of core storage.. The present program was
sized to hold 3000 vortices, but Figure 21 shows that a practical limit is
1000 vortices generated in the field. It is of some interest to note that
between one and one-and-a=half orders of magnitude in computational speed
have been achieved by the current method programmed on the IBM 360/65 as
compared to the exact formulation on IBM 7094 computers. With this capability,
a relatively thorough investigation of flow characteristics involving wake
development to at.least 20 radii downstream could be made for simulated
Reynolds numbers up to 5000. This is based upon the introduction of vortices
at three separate and instantaneous velocity maximum points on the cylinder
at the characteristic simulated Reynolds number period.
For higher simulated Reynolds number, the wake development is correspond-
ingly shorter, as shown in Figure 22, with approximately one radius of wake
development being practical for 2.5 million simulated Reynolds number.
It should perhaps be emphasized that numerical solutions obtained in
this way are complete in the sense that once the positions, velocities and
strengths of vortices in the field have been determined, the entire flow
can be determined in terms of them. Nonsteady velocity and pressure distri-
butions may be determined for any point on the cylinder or in the near and
far field.
It is believed this approach would be an extremely useful tool for such
studies, between the 100 to 10,000 Reynolds number range. For higher Reynolds
numbers the method remains limited by state of the art computational speed's.
Two orders of magnitude speedup appear to be necessary before this method
can be made practical for Reynolds numbers up to 10 million.
As discussed in preceding sections of this report, a primary requirement
for validity of the mathematical model is the exhibition of a separation
bubble in the range of critical Reynolds number. This bubble is considered
to be a crucial feature of critical Reynolds number flow since it is
- 45
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Number of Vortices in Field
Figure 21. Computer Time Requirements versus Number of
Vortices Generated
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considered to be primarily responsible for the large drag reduction, and
random characteristics of lift forces observed in the critical Reynolds
number range. The accepted explanation for separation bubble formation is
shown in the following sketch of a typical time average pressure distribution
in the region of such a bubble.
C
p
rbulent Separation
:hment
tion
Lituninar Separation
Figure 23. Definition of the Separation Bubble Zone
Presence of such a separation bubble at critical simulated Reynolds number
implies that the analogy between a physical shear layer and representative
vortex groupings or trains has significant merit.
To test the mathematical model for this characteristic, a simulated
Reynolds number of 300,000 was selected. Initial condition was the same as
that used for Case I, and listed in Table I. The input data used is given
in Table IV. A smallest grid size.of .01, approximately equal in value to
the characteristic feeding period was used. However, at each of the three
feeding points, nine vortices were introduced, making a total of 27 vortices
introduced every 30 integration time steps. Each integration time step, DELI,
was .0027. In this way, the actual feeding period, LUNT, used was .081,
permitting a sizable reduction in the frequency of calling the feeding program
logic.
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Two successful fifteen-minute computer runs were made at this Reynolds
number. The second run was made following further correction to the exact
velocity computations associated with smallest grid size. Each run produced
a flow development to approximately 1.9 A/U. The two runs produced closely
similar vortex patterns by visual inspection of machine plots, but drag time
history was significantly different. Results from the second run only are
therefore shown in Figures 24 through 29. Corresponding force coefficients
are shown in Figure 30.
Attempts were made to achieve longer time solutions at this Reynolds
number. However, for reasons which could not be fully determined, the solution
encountered numerical difficulties in the form of divide checks, which
eventually caused automatic termination by the computer. The evidence points
to logical errors still remaining in the exact computation associated with
smallest grid size. Unfortunately, this difficulty could not be surmounted
within the funding scope of this study.
The existence of a separation bubble cannot be firmly established on
the basis of solutions obtained. A time solution extending to at least four
or five would appear to be needed before the full flow characteristics can
be established. The initial vortices have not yet moved out of the cylinder
vicinity, and consequently exert a significant influence. Rather wide
scattering in the force time histories were at first thought to be indicative
of physical phenomena, but on further consideration are construed to be the
result of introducing a relatively large number of vortices at each feeding
period. The mean drag value does correspond with experimental drag
values at supercritical Reynolds number, but, again, a much longer time
solution is felt to be required before this value can be fully substantiated.
Primarily to substantiate , computer program capability, numerical solutions
were obtained at three, six, and ten million. The machine times involved
were 15,',7; and 6.5'minutps, respectively. Computer plots and force histories
are shown in Figures 31 through 39. Corresponding input data are tabulated
in Tables V, VI, and VII. For these higher Reynolds numbers, this computer
program, employing the IBM 360/65 cannot be considered a truly practical tool.
Perhaps the basic point to be made here, however, is that the limitation
appears to lie in computer capability, not the theory. In this respect,
computers with orders of magnitude increases in speed and storage capacity
are understood to be already in development. If so, the next few years
should see the attainment of practical.numerical solutions at 10 million
Reynolds numbers employing the method developed here.
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Figure 24. 213 Vortices at Time,;; 0.567 A/V
Reynolds Number = 300,000
Case No. 814.020
1.
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Figure 26. 483 Vortices at Time = . 1.377 AN
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Case No. 814.020
-52-
SA 68332
SPACE DIVISION oP NORTH AMERICAN ROCKWELL CORPORATION
Y
Y	 r^
	
_	 U)
V
to U
	
u	 ^ •r^
N 4.1
	
J	 ^ ^
	
Y W	 y OO	 , J
t
4
F: In
	
A	 W
	
O	 —4 I
	
^	 U
	
t	
—4
f4.4 \
4-I
^ Y
	
n =	 0 In
v r-1
s-1
:3	 II
u	 to C1
W
G. H
A N
G!
D	 ^
r	 •rl
44
0
w
w	 o	 ;	 M	 n
arwe"Zow vOw^^^v^.wi^
- 53 -
$D 68-332
SPACE DIVISION or NORTH AMERICAN ROCKWELL CORPORATION
101"t =	 TO
ott.t a 0.003
Mrtto =	 +
c	 . 26,000
ittor = 0.010
•	 •
•	 i
i
M
• • 0•
• i
• •	 •	 N 1
	
•	 f•jA^A 1 T
•	 fir. ••^...s •
Figure 28, 647 Yorttces at' Time =r 7,. ^Q 3 A/U
Reynolds Number = 300,000
Case No. 814.020
- 54 -
$P 68-332
II
1^
1
e
•
w
i cd
.i1 Q)	 Vl
W ^--^	 J
'	 W •rl
In
I	 Wo VI O
O
^	 H
D
O
-1
^
IL g	 I
Q^
t
a r1
V
4-1
4i V
d M
O O
U Ql
41	 ,--I
r ^+
^	 II(n
U) v
N
fN	 '•1
Ql
(V
Oa
OO
.-i
D
SPACE DIVISION of NORTH AMERICAN ROCKWELL CORPORATION
w	 ^	 w	 r	 w	 ^
L t W A 0 Z t W W O W ►► - W" W= 0-
- 
$ 5 -
SO 68-332
°	 o00
	 	 0
o °	 o°	 o
0
0	 0
0 0 000
o°
00	 c °
00
OP
ooOOO 00	 0
0%
0
0 0
c	 •.!L
L
•
000
0
o
0 0
0 000 0	 00 0
0
0
°00 0	 0
°0 0 0 °o0 0
 0°0 00 o  0	 0
00
0 0 00	 0 0
o° 0
•.0
c
•
SPACE DIVISION of NORTH AMERICAN ROCKWELL CORPORATION
I."
1.00
0	 6.50	 r.00	 1.50	 a."
i&
Figure 30. Lift and Drag versus Timc at
F.eynolds Number j .-3",000
Case No. 814.020
- 56 -
SA 68-332
SPACE DIVISION OF NORTH AMERICAN ROCKWELL CORPORATION
'fable IV
I-IGF RFVNCLCS	 NUP9FR	 VCRTLX	 SF,F(XtNC
I &.P I -I f- A I
.
A 	 C A SE 	 1 : NP. FR P I 4-C211
NN 24 CCRT c . c
Nr-r p Ic Npt.r I 3C
hPRES I Cc
Ichc 75C ITFIK 3000
INIFC 15
1 (- k p 2 4 1c	 1;
NSTEP 0	 1 I I	 I
RFA,4 14.000 CCNCR C.3CC
R E C C-k
TURe C.5c0 ICE-NT
CRCI
XSEE
c.cic
2-(Cr
XTEST
YI;PF
2.CGC
2-000
XL —1.ccc XR 2.000
y f, —1.5cc YT 1.5CC
---..---..LXC-R,A-. , - E YUlk-
NPES 3 NPCIR 12C
CASENC '--14.C2C
CCPPUTFC CCKTRCL CATA
--ELI C ACC 27 LUM - ----- ------
hFEEC 9 HNFAR I.cci
q F p s I.CCI50 R I N c . 9 v c
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Figure 31. 624 Vortices at Time = 0.500 A/U
Reynolds Number = 3,000,000
Case No. 719.020
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Table V
HIGh REYNALIPS	 NUMRER VORTEX	 SHC(1DING
INPUT DATA CASE NUMBER 714.020
NN 24 CORT
XOU O.0 Y(ll1 0.0
(`FOR 1G NPLOT 50
NPRFS 1G0
rnNC 000 1 TF I N. 30rr
I NTEG 10 — -
IGRP 2 3 4 10	 13
NSTEP 0 1 1 1	 1
PFAR 4.000 CONDR 0.3Cn
PENO 3000000. RECnN 25.000
TURD 7.000 ICE NT 1
GRDZ 0.002 X T E S T 2.o0^,
XSHF 2.000 YSHF 2.3( 0
-------XL -1.000 --	 - XR 2.000
YR -1.500 YT 1.50r)
NPE S 3 NPC I R 1 20,
CASENO 710. 02C
COMPUTED CONTROL DATA
BELT 0.001C LUNT 30
NFEED
---	
_ _10
--	 —
RNEAR 1.0r4
kF PS 1.00 040 RT.m-
IUJINO 120000
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Case No. 8U2.O10
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Table VI
HIGH REYNCLCS NUMBER VORTEX SHECOING
INPIIT q ATJE_C_ASF NUMBER 8n2_C10
NN 24 CURT 0.0
NFCR 30 NPLCT 6C
NPRES 90
-	 -	 -- -	 ----
IDN% 6C0 ITFIN 3000
INTEC l0
2 3	 4  10	 13T GRP
NSTEP 0 I	 1 1	 1
RFAR 4.000 CONOR 0.300
_-RENG QCCOCCC..	 -__._ ____RECOAI
TURO 7.000 [CENT 1
GRCZ
YSHF
O.CC2
2_C('(]
XTEST
YSHF
2.000
2.000
XL —1.000 XR 2.000
YO --1.5C0 YT 1.500 
0-500-._
-
_DY_GRA- - ---
------	 -
NPES 3 NPCIR 120
CASENO	 802.C10
COMPUTEC CONTROL DATA
-------.DELI _	 . _ 0 , C C LO--------- _ _- _ LIJ_N I	 _	 _3 Q---------
NFEEC	 15	 RNEAR--	 1.003
REPS	 1.CCC40	 RIPI	 0.996
IU.1fNO	 240000
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Figure 37. 504 Vortices at Time = .24 AN
Reynolds Number = 10,000,000
Case No. 815.020
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Table VII
HIGH RFYNOLDS NUMBER VORTEX SHFnnING
INPUT DATA CASE NUMBER	 815.02C
NN 24 cnRT C.0
NFOR 30 NPLOT 30
NPRE S 60
IDNC 800 ITFIN 30('0
I NTEG 10
IGRP 2 3	 4 1C	 13
NSTEP 0 1	 1 1	 1
RFAR 4.000 CONDR 0.300
RENn 10000000. RECON 25.000
TURK 7.000 TCFNT 1
GRDZ 0.001 XTEST 2.000
XSHF 2.000 YSHF 2.000
XL -11000 XR 2.000
Y8 -1.500 YT 1.500
DXGRA 0.500 DYGRA 0.500
NPES 3 NPCIR 120
CASENO 815.020
COMPUTED CONTROL DATA
[A FL T	 0.0010	 LUNT	 30
NFEED	 20	 RNFAR	 1.002
REPS	 1.00030	 RIM	 0.998
IUJINO	 400000
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PRECEDING PAGE ELANK NOT t'fl.MED.
CONCLUSIONS
Results are presented for a NASA-funded research study employing a
unique numerical method for the analysis of separated flows by potential
theory. Also included in these results is a summary discussion of achieve-
ments gained during two preceding studies by the same authors. Together
with the investigation reported herein, these three studies conceive,
formulate and develop a practical numerical method of separated flow analysis.
In part, therefore, this report attempts to unify and integrate results from
these three studies.
The method is now considered to be fully developed relative to state of
the art in computer technology. Limitations of the computer arise from its
computational speed, rather than its core storage. Based on this limitation,
computer advances of two orders of magnitude in computational speed are
required for numerical solution of extended wake development of separated
flows at simulated Reynolds number of 10 million. On the other hand, at
reduced Reynolds numbers, this numerical method is shown to be a practical
tool for the study of separated flows in a mathematically two-dimensional
incompressible flow.
The central achievement of these studies is considered to be the
definition and verification of a generalized Kutta-Joukowski condition
applicable to the analysis of separated flows. The empiricism of this
condition is not to be forgotten, and like the conventional Kutta-Joukowski
condition, its acceptance must be based upon the validity of mathematical
solutions it permits. Of particular importance in this regard is the
discovery that an equivalent shear layer thickness can be defined for a train
of vortices; and from it, to derive a simple relationship between the frequency
of introducing discrete vortices, and the equivalent Reynolds number of the
flow that results. Substantiation of this simulated Reynolds number is shown
by correlation with the experimentally observed transition of a free shear
layer, and the numerically obtained onset of displacement randomization in
a train of vortices. Further correlations are obtained by agreement of
Strouhal number, nonsteady and averaged forces and pressure coefficients for
simulated subcritical Reynolds number with experimental data. Finally, a
concerted attempt was made to simplify, and thereby to accelerate, the
computational task necessary to assess individual vortex velocities.
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A strong awareness of the tremendous computational requirements involved
led first to the application of a statistical sampling technique to permit
the estimation of vortex velocities by random sampling, thus drastically
reducing the number of computational cycles. 1^hile the results were not of
sufficient accuracy to permit stable vortex motions near the boundaries, this
approach appears to hold promise for determination of vortex motion at points
removed from the boundary. 'I'he amount of development seen to be required
for its full application precluded a major effort to apply this method. A
simpler influence coefficient method was adopted, but even here two separate
attempts were made--the first with major emphasis on computational efficiency
with the sensitivity to numerical error accepted or rejected primarily on an
intuitive basis. Results of this first influence coefficient approach pro-
duced results clearly at variance with experimental data. Further, the two
grid system employed severely limited its application to high Reynolds number.
At this point two alternatives existed. One was to continue with the method,
restricting the corrections to second-order improvements; or second, launching
upon a completely revised approach wherein the maximum allowable error would
be limited to reasonable values, and multiple grid sizes would be employed
to increase the Reynolds number capability. '1'lie latter approach was taken,
and a full order of magnitude in computational speed-up was achieved, due
in part of the use of an IBDI 360/65 computer versus the IBD1 7094. But the
10 million simulated Reynolds number solution remains essentially unattainable
except for small wake development, in which the starting transient still
overshadows the steady state behavior of the flow. For the lower Reynolds
number range, however, a useful tool is believed to have been developed,
and its applicability verified for analyses of separated flows about bluff
bodies.
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APPENDIX A
RANDOM SAMPLING METHOD
The Random Sampling Method referred to in NAS2-3675 and in the
proposal fur a continuation thereof was incorporated into the computer pro-
gram developed in connection with the above report. The result was frequent
crossing of the cylinder wall by the external vortices. The program was
then modified to return these vortices to the external field with the result
thLt the vortices went helter-skelter out of the vicinity of the cylinder, a.
clearly intolerable resl , lt. To aid in understanding his result, a develop-
ment of the method will now be given.
Suppose we have a sum, finite or infinite,
a(i)
whose value is desired. Let p(i), i=1, 2, ... , be a probability distribution
from which one can take observations at ra.idom. In particular, p(i) is
positive for every i, as well as satisfying 1; p(i) = 1. If we take an I at
random from this distribution and define Y(I) = p(l)the average or expected
value of Y(I) is E l Y(I) ^ = E 	 P(i)Y(I) - p(i) _ ^ a(i) • p(i) which equals the1
desired sum. Hence, if one takes n observations I l , ... , In and computes
Y(I I ), Y(I 2 ), , .. , Y(In), then one can obtain a confidence interval for the
mean of Y(I), i. e. , for the desired sum 1 a(i).
In order for the confidence interval to be useful, the standard deviation
of Y(I) must not be too large, for the interval length will be proportional to
that standard deviation.
If one can find a distribution p such that the P i is fairly constant
over the range of i, then this requirement will be met.
In order to put the method to use, one must know the partial sums of
i
p(i), that is, one must know p(i) _ Z p(j).
j-1
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The random sampling procedure consists of drawing a number U at
random from the uniform distribution on the interval (0, 1) and finding the
largest integer I such that
i
U ` P 	 =	 P(j)j=1
Roughiy speaking, one must be able to invert the partial sums P(I) to find
1 = p-1(U).
Initial success was obtained with the sums E	 1	 2 and	 1
n=2 n ( log n)	 nx
for x slightly larger than 1. (The latter is Rieinann's zeta functicn„) The
partial sun is of the approximating functions used were
P ( n) =
f+In
 1	 dx
2 x(log x) 2
^	 1l	 2 dx
2 x(log x)
log 2
1	 log(n+l)
n+1
dm
1 mx
P(n) dra
1 M 
1
and
1
= 1 -
(n+l)x-1
both of which are readily inverted to give n in terms of P.
While it was realized that these sums are highly special in that one can
obtain an invertible closed expression for the integral of the continuous
analogue of the sum in question, it was felt that approximating sums could
be obtained for a fairly sizable class of functions. This is an open question
now, but only pessirnistically so.
When the summand takes on both positive and negative values with the
r,)r- of the absolute values large compared to the sum itself, some device
must be employed to change this, if small standard deviations are to be
achieved. One might, for example, define a rule whereby he takes two
terms on each drawing, one positive and one negative, with both of the same
order of magnitude.
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Considering that the terms of a velocity sum in the vortex shedding
model are of both signs with little relationship between term number and
term size, it was decided to initially give probability to each term of the
sum. The result has already been given.
Methods of multiple choice were discussed in the early stage of the
contract effort. None was felt to be hopeful enough to justify a third major
effort in addition to the two-level grid using polar coordinates and the multi-
level grid system using cartesian ccordinates. Hence, the method was
dropped.
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APPENDIX B
MODULp.R TWO-LAYERED POLAR GRID SYSTEM
POLAR GRID SYSTEM
The polar grid system was initially chosen to construct a grid system
describing vori:ex shedding from a circular cylinder. Three main reasons
for this choice were
1. The polar system fits the boar.dary exactly; therefore, imple-
menting boundary conditions should be expedient.
2. The velocity computations can be simplified in polar coordinates,
and a systematic ordering process is readily available.
3. The relative location of the vortices with respect to the cylinder
can be associated with the R coordinate.
The flow field cor_sists of three regions:
1. The near field, which includes the area immediately adjacent to
the cylinder boundary.
2. The medium field, the region outside the immediate boundary
area and extending a few radii from the cylinder.
3. The far field, the region outside the midregion.
These three regions were selected so that computations in the near
field could be performed with the greatest accuracy; i.e. , a finer mesh size
could be chosen. The midfield would have a larger mesh size; and t`le far
field is where combining could be accomplished to keep the total numoer of
vortices below some maximum limit. It was believed that, for vortices
farther from the cylinder, the integration time could be increased, thus
reducing the computation time.
A two-layered polar grid system was selected to stud;- the problem,
the major reason being the relative simplicity of the scheme. The motion
of the vortices would be calculated using influence coefficients and "exact"
velocity computations in some ratio. The one disadvantage of the method
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was the size of the influence coefficient matrix. The scheme was to select
a certain number of radial divisions from the cylinder outward and then
include the corresponding image locations. This approach required that the
radial dimension of the influence coefficients be 3 Rn - 1 , where Rn is the
number of radial divisions from the cylinder outward. When influence
coefficients are used, the coefficient is a function of the difference between
relative locations of the grid positions wl-.o:;e mutual influence is being
assessed. These locations account for the 3 Rn terms. The angular or
theta dimension encompasses 360 degrees. The grid box aspect ratio was
chosen near unity; consequently, the boxes were nearly square to a small
angle approximation in the near field.
The radial increments of the grid were chosen to vary logarithmically.
The smallest increments were close to the cylinder, and the AR distance
between any two adjacent radii becomes increasingly larger as they recede
from the cylinder. This type of grid system has the conceptual advantage
of keeping the respective grid boxes approximately square in size. The
most important advantage, however, is that the influence coefficients can be
arranged and computed to use only the differences in radial and angular
locations, (R i - Rj), (6 i - ej ), to locate the appropriate influence coefficient
(i. j). This procedure g-r eatly simplifies tlae use of influence coefficients for
this particular configuration.
The influence coefficient concept as applied to this problem entails
summing the strengths of vortices in any grid box (OR, 06) and treating
these vortices as if there were a single vortex at the center of the box
having a strength equal to the cumulative strength of the vortices in the box.
A table of influence coefficients for velocity components based on radial and
angular distances between all grid boxes was constructed. The velocity
induced at the center of one box by another box is found by determining the
strength of vortices in the box and entering the influence coefficient table to
Find the appropriate coefficient.
The image box is the grid box inside the cylinder corresponding to its
real box image. The effect of the image boxes is then treated as Just
another grid box with the appropriate sign for the strength. 
To reduce computation time, influence coefficients for various
functions used in the velocity computation were developed. For example,
sine, cosine, 1 /Rad, 1 /Rad 2 , etc. , were tabulated.
The program as depicted by the flow diagram (Figure B1-1) is a
repetitive loop around the velocity computation with tests to decide when
force data are desired, when plotting and printing of results is wanted, and
determine when the program should be terminated. The test on time is the
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Figure B1-1. Polar Grid System. High Reynolds Number (MME),
Flow Diagram
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only ending condition specified: but equally valid tests could be made on
number of vortices, machine time, number of occupied big boxes, etc. The
last complete case where data were printed and plotted is stored for con-
venient restart capability. These results then become the initial conditions
for continuation of the case.
INFLUENCE COEFFICIENTS
It was found that tabulation of functions at various points on the polar
grid was a more rapid approach than calculating them each time they were
required. The coefficients so tabulated were as follows:
RMAT (NR, 11)
NR is the number of radial boxes in tha field. The values calculated
were irverses of various radial distances; 1, center big box radius; 4, radii
of small boxes; 4, radii of squared small box; I, start of big box; I, start
of big box squared.
CS(NO,4), SI(NO,4)
NO is the number of angular (theta) grid locations considered. These
coefficients were values of sin(0), cos (0) at centroid of small boxes.
CLOR(1 6,4,4) CLOT(6,4,4)
These were the influence coefficients for velocity computations for the
radial and angular components, respectively, the third dimension being a
convenient way to include effects of 4 small boxes of each of the surrounding
5 large boxes in the near field.
AWAR(9 , 4,4) AWAT(9,4,4)
These coefficients are similar to CLOR and CLOT, except that they
are for the far field and include the 8 surrounding big boxes.
COER(NO, 3NR-1), COET(NO, 3NR-1)
These are the radial and angular components of induced velocity of all
big boxes on all others. If a test is made on the theta component (0 > 180 °)
these arrays could be of size ` 2O , 3NR 1) . This test was not included in
the program.
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PRESS(N8, R)
These were the influence coefficients for the pressure calculation based
on big boxes. Alternative schemes, it is believed, should be employed; i.e.
obtain lift and drag directly instead of integrating pressures.
ADDITIONAL STORAGE ALLOCATION REQUIREMENTS
Certain limits were imposed on the program at the start to help pre-
pare the computer program. The total number of real vortices allowed in
the flow NTOT was 1500; the total number of large boxes occupied at any
given time, 600; and the total number of vortices in any small box at a given
time, 20. These limits as defined were used to set up the following storage
for the velocity computations:
B(1500.6)
This array includes information on the individual vortices, strength,
radial, and tangential location positions. Twice the storage is needed since,
during any given time increment, both the old and new positions of the
vortices must be stored.
NRT(2 . 600)
This array stores the current ordering of big box radial and tangential
locations.
1<_R:SNR
1 < T <_ NO
NOBB is the number of occupied big boxes and so the first NOBB locations
of the NRT array contain the radial and theta number of the occupied big
boxes; i.e., (2,40)	 R = 2, 6 = 40.
BOB(600.7)
This array contains the influence velocities for the large boxes; i.e.,
UR, UT. , EK are three columns of BOB that contain radial influence
velocity from all other big boxes, tangential influence velocity from all other
big boxes, and the cumulative strength of the vortices in the respective big
boxes. The other 4 columns contain the cumulative strength of the vortices
in the respective quadrants of the big boxes.
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BSB(40.20)
For any particular large box the strength, radial and tangential posi-
tion, and radial and tangential induced velocity are stored by quadrants; i. e.
1,4. This is the reason that 20 columns are required. There is room left
for the image vortex positions for the case when their contribution to the
total velocity is important.
BIN(4,2)
This array contains the sum of the velocities induced in any given
large box and includes contributions from all large boxes except 6 or 8
surrounding large boxes, contribution from all small boxes contained in the
adjacent 5 or 8 large boxes, and the free-stream component. The only
terms that are missing are those from the 'exact' computation from those
vortices in the respective quadrant of the large box of interest.
CONSTRUCTION OF THE GRID DESCRIBING FLOW FIELD
The grid system used is shown in Figure B4-1. The big, or larger,
boxes are shown and the numbering system to identify them. Each big box
is quartered to give 4 small boxes numbered as shown in Figure B4-1.
Figures B4-2 and B4-3 show the numbering scheme for identifying
surrounding big boxes, provided the box with an X in its center is occupied
for the mid-far field and near field, respectively. The method of velocity
computation used was the following:
(mid-far) field
If big box X is occupied, determine if there are any vortices in the 8
surrounding big boxes as numbered in Figure B4-2. For each big box 1-8
that is occupied, sort the vortices into their respective 4 quadrants and find
the cumulative strength of the vortices in each small box. Then find the
velocity of the 4 small boxes of the large boxes 1-8 induced on the small
boxes of big box X. For vortices in the big box X, the exact (small-angle
assumption) velocity computation is used for vortices in any particular
quadrant and small box influence coefficients are used for 1 on ?., 1 on 3,
l on 4, etc. The image boxes are taken into account by obtaining big-box
velocity induced on big box X. For all other occupied large boxes, the big
box velocity induced on large box X is obtained, including image large boxes.
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Figure B4-2. Mid-Far-Field
Figure B4-3. Near Field
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NEAR FIE LD
The near field is similar to the mid-field, except that only 6 large
boxes are considered and the image vortices are treated di:ferently. If
large boxes I through V are occupied, the corresponding image boxes are
sorted into quadrants and small box influence coefficients are employed.
The ''exact'' computation for small boxes 3 and 4 :ncludes the image vortices
from the corresponding image small box.
The velocity at any vortex located in a certain quadrant of a big box is
determined in 4 steps:
''Exact'' computation from other vortices in that particular
quadrant. For small boxes adjacent to the cylinder it includes
the image vortices also.
2. Small box influence velocities calculated at center of small box
from the immediately surrounding 8 big boxes, 5 for the near
field.
3. Big box influence velocities from all additional occupied big
boxes.
4. Free-stream component.
VELOCITY COMPUTATION
The velocity computation is performed in several stages. Consider
the flow field at any time; i.e. , cylinder and vortices. The first step is to
sort these vortices into the large boxes of the two-layered grid system.
They are sorted by radial grid location 1 , 2, ... NR and by theta location 1
2, ... N6. With each vortex is associated a quadrant number, 1, 2, 3, 4,
in the big box in which it is located. The cumulative strength of the vortices
in the quadrants and large boxes as well as the number of vortices in each
are stored. The ordering of vortices in any large box is arbitrary. The
only ordering of importance is that the B array contains all information
pertaining to the individual vortices ordered by big box numbers; i.e. , the
first N1 vortices are contained in the first large box occupied, the next N2
vortices are in the second large box occupied, with ordering of large boxes
shown in Figure B4-2. The B array is so filled and ordered that, if there
are NTOT vortices in the field, the information pertaining to them is found
in the first NTOT rows of the B array.
The sorting operation also orders the BOB and NRT arrays so that the
information on the occupied big boxes (NBOX) is contained in the first NBOX
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rows and columns of the BOB and NRT arrays, respectively. The NRT
array contains the radial and theta numbers identifying occupied big bc::2s
in a one-to-one correspondence with the BOB array; i.e., the third column
of the NRT array identifies the location of vortices described in the third
row of the BOB array.
Once the vortices have been sorted into the B and BOB arrays the
big -box -induced velocity computations are made. Consider the velocity
induced on the Nth big box. The induced velocity computations include all
other big boxes, except those immediately surrounding the N th box if they
are occupied. This computation requires a double DO loop each with limits
NBOX, number of occupied large boxes.
The next step of the velocity computation involves calculating the
velocity at the vortices in any given large box. Each occupied large box is
treated alike except as previously noted for big boxes adjacent to the cylin-
der. For illustrative purposes, consider the N th big box. The number of
vortices in this big box is KBOX(N +1) - 1 less KBOX(N) and the correspond-
ing information, strength and location (R,0), on these vortices is found in
the KBOX(N) th to IKBOX(N+1) - 11 th rows of the B array. This information
is taken from the B array and sorted into the BSB array by quadrant numbers
of the respective vortices.
The next level of influence velocity computation is then made; e. g.,
the influence of small boxes from the surrounding big boxes on the small
boxes (quadrants) of the N th large box. This computation involves a special
search technique of the BOB array. Since the BOB array is ordered by
increasing large box radial and theta numbers, the search to find occupied
adjacent boxes to the Nth can be simplified. Consider the Nth box to be in
the away field so there could be a possible of 8 surrounding large boxes.
From Figure B4-1 it can be seen that if boxes I and 11 are occupied, they
have the same R number with theta numbers (6-1) and (0+1) as the N th box;
i.e. , if occupied, the information is contained in the adjacent locations of
the BOB array. A. search through the R+1 and R-1 radii and testing on 0 to
find 0- 1, 0, 0+1 locations with the particular R values desired will enable
all 8 surrounding big boxes to be located if they are occupied. A counter
telling which big box is the first with a given R number reduces the time
required to find these adjacent boxes. Once an adjacent occupied big box
has been found the AWAR, AWAT influence coefficients are employed to
obtain the velocity induced by the small boxes of this adjacent big box on the
small boxes of the Nth big box. The first subscript of these arrays (1-9)
corresponds to the 1-8 adjacent big boxes, Figure B4-1, and the 9 th is the
influence of the 4 small boxes of the Nth large box on themselves.
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The values of the induced velocity radial, UR, and tangential, UT, are
stored in the BIN array, where the row corresponds to the respective quad-
rants of the Nth box. When all adjacent big boxes of N have been found, the
BIN array contains the influence or induced velocity contributions of all
surrounding small boxes on the small boxes of N. The influence of the other
occupied big boxes, as well as the free stream component of velocity, is
added to the BIN array. This array now contains the sum of the effects of
the free stream and all vortices, except the vortices in the particular quad-
rants of N of which it is a member. This induced velocity for the various
quadrants of N becomes the initialization of induced velocities for the
vortices in the respective quadrants of N. This information is placed into
the BSB array where the "exact" velocity computations are made.
The final step of the velocity computation is the "exact" velocity
computation for vortices in the individual quadrants of N. The small-angle
assumption is employed for this calculation. Two constants, feeding period
and integration time, must be considered. At present, all vortices are
sorted every feeding time; i.e. , each time additional vortices are fed into
the system. This implies that, during each feeding time, one eet of induced
velocity computations via influence coefficients describes the motion. For
each feeding time, a particular integration period is chosen as a ratio of
feeding period. Both 5 and 10 integrations per feeding period were used
with practically identical results. This means for the velocities in any big
box, N, their motion is calculated via "exact" computation 5-10 times
keeping fixed all influence velocities. Two schemes were employed for
carrying out the "exact" computation.
Consider only vortices in the individual small boxes for the
"exact" computation.
2. Consider vortices in the two adjacent small boxes in the theta
direction for the exact computation.
It would be almost as easy to consider vortices in the 4 immediately
adjacent small boxes in the exact computation; however, this method was not
programmed into the velocity routine.
The "exact" computations using small-angle assu!nptions in the near
field and exact equations in the far field are accomplished similarly to the
velocity calculations used in previous vortex shedding programs. The
velocity at any vortex is computed from all other vortex positions in that
particular small box. Its new position is calculated using a Taylor series:
P(t+Ati) = P(t) + Oti p, (t)
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where P(t) is position at time t, P' (t) is t:Le velocity of P(t), and At, is the
integration time increment. This velocity (new position) calculation is made
5 to 10 times for the vortices in the big box. When this calculation is com-
plete, the strength, new positions, and velocities of the vortex are returned
to the B array. Since no new vortices have been introduced or eiiminated
from the flow field, the number of vortices taken from the B array for any
occupied big box is identical to the number returned. Because the B array
is sorted every feeding period, the ordering in any particular big box
storage allocation is not important.
Once the velocity computations for any occupied big box is completed
and the answers transferred to the B array, the pertinent data for another
occupied big box is transferred to the BSB array, and the process is
repeated until all occupied big boxes have been considered.
INTRODUCTION OF VORTICES INTO THE FLOW
The concept behind fending point location remains fixed; i.e., vortices
are introduced into the flow near the Stagnation points (the points on the
cylinder of maximum velocity). The strength of these vortices is determined
to be 1 U T Z , where U r is the tangential velocity at the feeding point. To
facilitate this type of computation, the velocity on the cylinder is calculated
at the midpoints of the small boxes adjacent to the cylinder. This array of
velocities is searched to find the locations and strengths of the new vortices.
The location of the feeding points coincide along the 0 centroid of a particu-
lar small box and are introduced radially at the center of this box. This
radial distance, which represents a measure of the boundary layer thickness,
is a function of the Reynolds number as pointed out in Reference 18; there-
fore, the grid size is not completely divorced from the Reynolds number
analogy. The data on these new vortices are stored at the bottom of the B
array.
The problem of combining vortices to keep the number of vortices in
the flow below some maximum number is handled in a straightforward?
fashion. It was found in the past studies that, in order to not show adverse
effects on the flow development, any combination scheme would have to be
implemented at least a few radii from the cylinder. Once the vortices
reach a certain radial distance from the cylinder, a test is made to see if
more than some maximum number of vortices have grouped in any bo;: ksmall
nr big). The maximum number can be selected as a limit, which if exceeded,
results in combining in the individual boxes. The vortices are combined by
averaging the strengths of the combined or eliminated vortices into the
remaining vortices in the box.
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APPENDIX C
MODULAR MULTILAYERED CARTESIAN GRID SYSTEM
The two-grid system demonstrated considerable rapidity of numerical
solution, and exhibited evidence of separation bubble formation at simulated
Reynolds number of 62,500 (Figure 7). For lower simulated Reynolds number,
however, wake widths were clearly at variance with experimental data.
In addition to lack of correlation in wake width, a second perhaps more
important limitation in view of the high Reynolds number objective was the
fact that the rapid decay of induced velocity gradient with distance from a
vortex was not fully utilized by a two-grid system.
For example, in the ten-million Reynolds number range the feeding period,
hence vortex spacing, would be on the order of .001 radii. But significant
vortex velocity contributions could result from vortices as far away as ten
or twenty radii. Clearly a multiple grid system employir_g ten or fifteen
grid sizes would be desirable. Further, preliminary considerations showed
that velocities could be determined from such a multiple grid system with
consistent accuracy.
These considerations thus led, finally, to a third attempt at the hig:z
Reynolds number problem in which it was felt that significaW.y greater
optimality was achieved within the basic framework of mathematical assumptions,
required numerical accuracy, and state of the art of present day computers.
The ground rules for formulation of this approach were as follows:
1. Valid numerical solutions must be obtainable over simulated
sub-critical Reynolds number throughout the supercritical-
transcritical range of interest, limited only by computer
requirements on storage and cost.
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2. The maximum practical simulated Reynolds number solution
obtainable will not be known until after the computer program
becomes operational. Therefore, the formulation must be in
a manner that will not arbitrarily limit this capability to a
specific range. In other words, computational efficiency and/or
accuracy should remain largely unaffected throughout the Reynolds
number range of interest.
3. The maximum percentage error possible ir_ any single vortex
velocity computation must be limited to some reasonable
magnitude. Requirements on numerical accuracy are not pre-
cisely known. Therefore, if necessary, numerical accuracy
should be controllable through input parameters.
In contrast with the first influence coefficient approach, the multi-laver
grid approach was formulated in the Cartesian coordinate system. Two
main reasons governed its adoption. First, the feature of increasing grid
size with the radial coordinate in the polar grid system presented an added
problem in computer logic that would have to be solved. While some form
of reduction would clearly be necessary to permit large time solutions, the
polar grid system imposed one additional condition on how the reduction
could be accomplished. Second, it was believed that the Cartesian system
possessed greater inherent flexibility for possible future development of
the method for bodies of arbitrary shape, and multibodv flows.
The entire flow field is considered to be overlaid by a Cartesian grid
system of selccted grid size. Origin of the Cartesian coordinate system is
so placed that the entire flow field of interest lies in the first quadrant,
x 0, y > 0. Each grid division along the coordinate directions is numbered
in sequence from the origin. A particular grid square is then identified by
its x and y coordinates in units of grid size. Thus grid i, j, refers to the
grid square outlined by the i and i-1 divisions in x, and the j and j-1 divisions
in y. This is the fundamental grid system employed. For convenience, it
is identified as Level Zero. Doubling the grid size causes the grid divisions
to fall on alternate divisions at grid level zero. This double-size grid sys-
tem is called Level 1. Repetition of the doubling process produces succeed-
ingly larger grid systems which are identified as Level 2, Level 3, etc. At
each level, a particular grid square is identified by its x, y coordinates in
units of its own grid size. The highest level required depends upon the selec-
ted size of the fundamental grid system, Level Zero, and the farthest down-
stream location of the vortices.
Application of the influence coefficient technique first requires that
each vortex be identified according to the Level Zero square occupied. Each
vortex is then transferred to the center of its grid square. This is accomplished
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in a manner analogous to the displacement of concentrated forces in statics
by moment couples from one point to another. Vortex doublets are employed
for this purpose, and it is found that they function in a manner closely analo-
gous to the role played by moment couples in statics. If a vortex is located
at A, its velocity field may be approximated by a vortex of the same strength
located at B, together with two vortex couples whose individual strengths are
equal to the product of the vortex strength and the vertical and horizontal
distances between A and B. This approximation holds for points in the field
whose distance from A and B is large compared to the distance between A
and B. For the ''worst case'' geometry encountered in the multiple grid
system, the largest percentage error in velocity caused by placing a vortex
at the center is about three percent.
Once the vortices have been transferred to the centers of their Level
Zero grid squares, these are in turn transferred and summed into the centers
of their corresponding Level 1 grid squares. This process is repeated for
each successively higher level until the summed vortex strength at grid
centers, and associated x and y vortex doublets, have been computed for all
the grid squares containing vortices at all grid levels specified. It is noted
that the number of grid squares containing vortices reduces rapidly with
increasing grid level (approximately a factor of four between each level).
Vortex velocities are now calculated in the following way:
1. Exact velocity contributions to a vortex at point i in Level "Zero
grid square A are determined from all vortices within the 3 x 3
arrangement of Level Zero grid squares encompassing Square A.
2. Level Zero velocity contributions are determined from the two
rows and two columns immediately bordering the 3 x 3, and an
additional adjoining single row and single column. Orientation
of the additional single row and column depends upon the quadrant
occupied by the center grid (containing the particular vortex
being treated) in its particular Level 1 grid square. The four
possible arrangements are sketched below.
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A (Quad 1)	 B (Quad 2)	 C (Quad 3)	 D (Quad 4)
These four arrangements are shown below in composite form for
Level 1. The Level Zero grids A, B, C, and D combine to form a single
Level 1 grid square, say Al, at the center of what is now seen to be a com-
mon arrangement of Level Zero grids for A, B, C, and D. The significant
3
C
4
D
1
A
2
B
point here is that the Level Zero velocity increment was computed on the
basis of influence coefficients for square A at its center, and applies equally
to all vortices in A. Similar statements may be made for the other three
L^!vc:l Zero squares, B, C, D. But, Al itself occupies a specific quadrant
in its Level 2 Wid square, just as did A in Al. So the same operations may
be applied to Al as were applied to A to define the Level 1 velocity incre-
ment at its center. This velocity increment will now apply to all vortices
in Level Zero squares A, B, C, D.
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The recurrent nature of this process is now clear, and the procedure
for calculating the vortex velocities involves the following steps:
1. Determine the summed vortex strengths and vortex doublets at
the centers of each grid s q uare containing vortices. This
applies to each grid level.
Z. At each level determine the velocity increments contributed
by the appropriate arrangement of surrounding grid squares
for each square that contains one or more vortices. This
is done by employing a universal set of influence coefficients
(see Appendix D). Cumulative sum these velocity increments
from the highest level down to level zero.
3. For each individual vortex, determinc the exact contributions
from those vortices lying in the region covered by the encom-
passing 3 x 3 array of Level Zero grid squares.
4. Add these exact contributions to the cumulatively summed
grid velocity obtained for its square, to obtain the tota.
vortex velocity.
Investigation of Numerical Accuracy
Previous studies have shown that the observed instability of vortw.,
rows is an inherent characteristic unconnected with the numerical accuracy
of vortex velocity computations. On the other hand, the type of numerical
inaccuracy associated with simple Eulerian forward integration does appear
to inhibit this instability to some degree. The full consequences of this on
the effective Reynolds number simulated have yet to be explored. The method
of influence coefficients employed herein also contains a certain amount of
numerical error. Although the use of vortex doublets has reduced the error
significantly, an appreciable error remains in the fact that the velocity
induceu at the center of a grid square by the influence grids in its 6 x 6 is
assumed to apply uniformly to all vortices within that grid square. It is
seen from the following sketch that the maximum percentage error in induced
velocity would occur for a vortex at point 2O near the midpoint of an edge of
the center grid square due to a second vortex at point Ol directly across the
adjoining grid square. For this case the error could be as largr; as
yapprox
	 2	 1
vactual 1 ' '	 = 1	 vactual -- Vactual
vactual 
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This error should have its greatest effect for grid sizes less than the average
spacing. For larger grids the number of vortices in a given grid square
will be greater and must tend to nullify this error. The importance of this
error in numerical solutions remains to be seen. If unacceptable, larg,^!r
gria squares must be specified for Level Zero requiring that exact compu-
tations will be carried out for more vortices surrounding each vortex, and
the increased number of vortices for Level Zero grid squares will adequately
reduce the :,^aximum error noted above. In future development efforts, this
error could be largely eliminated by computing grid velocities at three points
within each grid square containing vortices, and using planar interpolation
to approximate the actual velocity variation. The advisability of this refine-
ment is subject to further study.
Effect of Ima g e Vortices
According to the circle theorem, each vortex in flow external to a
circular cylinder requires an "image" vortex within the circle to preserve
boundary conditions at the circle. With the variable multiple grid system,
these image vortices are treated in the following manner:
1. For external vortices beyond some specified distance from the
cylinder, RFAR (input data), the image vortex is placed at the
center of the circle; with appropriate vortex doublets to com-
pensate for moving the image vortex from its true position to
the center. The single vortex and x and y doublets at the
circle center are not combined into the grid system, but are
treated separately with exact equations for their velocity
contributions.
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2. For external vortices within the distance, RFAR, the image
position is computed and placed in its corresponding smallest
grid center, again with proper vortex doublets. Once an
image vortex is identified by its Level Zero grid square its
distinction as an image is erased.
3. If external vortices are within an even smaller distance,
RNEAR (also input data), it is considered to be in the bound-
ary layer, and exact velocity contributions of this image
vortex on nearby vortices are calculated, in the same manner
as are the exact velocity contributions of the free vortices.
4. In order to preclude numerical instability of vortices caused
by excessive proximity to the bowidary (and its image), a
third radial distance, REPS, is specified which represents
a "'carrier" in the sense that any vortex approaching closer
than REPS will be displaced radially outward to a distance of
REPS. While this may seem somewhat arbitrary, the parti-
cular instability is essentially caused by coarseness of
numerical integration. Therefore a radially outward dis-
placement is considered to be a logical first order correction.
Furthermore, this technique has already been applied to the
simpler problem of flow over a half plane. Stable solutions
have been obtained for cases which previously exhibited
strong numerical instability. These solutions show the onset
of transition to shear layer instability, i. e. , turbulence, to
occur at downstream points in agreement with previous data.
Frequency of Time Integrations
Because of the rapid decay in velocity gradient, velocity contributions
from distant vortices change relatively slowly, lience may be evaluated at
longer time intervals than the velocity contributions from nearby vortices.
This relaxation in velocity integration requirements is utilized in the mul-
tiple grid system. The upper levels are evaluated with decreasing frequency
according to an empirical scheme which divides all the levels into 4 groups.
The group containing the highest level is evaluated the least often. The lower
levels are evaluated with greater frequency according to input data.
'_Mechanics of Vortex Introduction
According to the generalized Kutta condition developed in previous
studies, vorticity is considered to be released from the boundary layer at
points of velocity maxima. To locate these maxima at points including the
wake exposed areas of the cylinder surface, it is necessary to determine
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the tangential velocity distribution on the cylinder sur'ace. This distribution
may then be searched for the maximum points. Actual application of this
technique showed. the process to be somewhat sensitive since localized peaks
could occur due to excessive proximity of an individual vortex. To alleviate
this problem, the three largest maxima are selected after the velocity curve
is first attenuated by plotting at each velocity point, the median value of a
selected number of velocity points to either side. In this way, unwanted
peaks are sharply reduced whereas gradual peaks tend to remain unmodified.
At the three velocity maximum points so selected, further consideration has
shown that several incremental vortices should be introduced—the actual
number depending upon the Reynolds number being simulated, and the number
of points around the circle at which tangential velocities are evaluated.
For example, it is anticipated that tangential velocities will be deter-
mined at one-degree intervals around the circle or arc length of about .02.
At high Reynolds number, the vortex spacing will be on the order of . 001
which is far too close to have any significant effect on the velocity distribu-
tion defined at one-degree intervals. Therefore, as many vortices should
be added as are necessary to form arc lengths of at least the spacing used
for tangential velocity computations. If this is done, the tangential velocity
distribution on the cylinder should be affected in a smoothly varying manner,
so that velocity maximum points will exhibit continuity of position on the
cylinder.
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APPENDIX D
THEORETICAL DERIVATIONS
FREE VORTICES IN UNIFOR?\4 FLOW ABOUT A CIRCULAR CYLINDER
In theory, the total flow is a superposition of all the individual flows.
Boundary conditions for a circular cylinder, therefore, may be met by
satisfying each flow contribution .separately. The uniform flow component
is met by a source-sink doublet, and the normal flow at the surface is
nulled by an image vortex inside the cylinder according to the circle theorem.
Equations for this flow were developed in the first report by Ujihara
et al. (1966) and are included here for completeness.
For incompressible, inviscid, irrotational, two-dimensional flow, the
flow field may be described by a potential function of the complex variable
(z = x + iy). The complex potential, w(z), of a system of vortices outside a
circular cylinder of radius ''a'' in a uniform stream may be written as the
sum of two potentials
w(z) = w  (z) + w 2 (z)
where
w l (z) uniform flow past a circular cylinder (r = a) at angle of attack.
w 2 (z)	 system of vortices outside a circular cylinder (r = a-).
The velocity components are found from the relation
(u-iv) _ _ dw(z)	 (D-1)
dz
From Reference (8), w l (2) and w 2 (z) are found to be
w l (z) _ -U. ze -ia+ az
2 
e ia	 (D-2)
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and for n vortices
	
n	 n	 2
w 2 (z) _ -i I K. log (z - z.) + i
	 K, log	 z - a
	
j = 1	 J	 J	 j=1	
zi
(D-3)
	
n	 n
-i	 K log z + i	 K, log z.
	
J=1	 j=1j^ J	 J
where K  - strength of the j th vortex filament—positive rotation taken
clockwise.
For a vortex outside t 2e cylinder at z = z j , the position of the image
vortex inside the cylinder a , is denoted byj
i	 a2	 a2 ( xj + iyj)
J	 J	
xj21- y?
therefore,
	
xi =	 a2xJ
	 aY i
-
	
J	 x^ + Y	
yj 
xi +yi
The velocity of the m th vortex filament outside the circular cylinder
is given by
dw(z)
(u-iv) m
 = - dzCl 
 
I w2 (z) - i.Km log ( z -zm)	
dz
)	
1
n	 nK	 n	 K 	 K{
j=1 z
	 -z,	 j=1 z	 -zl	 j=1 z
	
m J	 m J	 mjxm	 jxm	 jxm
2	 2
+ Uo cos a 1 - a2
	
- iU o .3 in a I1 + a2
z
m	 zm
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The third summation term in Equation D-5, while correctly obtained by the
circle theorem, is henceforth excluded by virtue of the condition that tota).
circulation in the fluid region plus the circulation about the cylinder remains
constant. Separating Equation U-4 into real and imaginary parts gives the
velocity components in nonaimension al form,
n
u	 K	 ym
- yj(,0)m
	 J = 1	 Uoa	 (x	 - X. ) 2 + (-.!	 - y. )2
iiin	 m	 J	
m	 J
n	 Kj	 ym (x2 + y2) - yj
J=1 U oa	 1-2 (x 
J m
.x + y 
J m
.y ) + x2
m 
+ y2	 i
m ) 
(x + y2
J)
	
2	 2
	
x m - ym 	 2xm yin
	
+ 2	 2 2 cos a-	 2	 2 2 sin a
	
(xm + ym )	 (xm + ym)
and
v
n
	
K
^
,	
m
x - x.
- ^	 J
FO)
m 	 j 1 U oa (xm - xj)2 + (ym - yJ)2
J im
n	
K.	 x	 (x? + y2) - )c•
+	 —^	 m J J J
j=1 1-2 (xj xm + yj ym ) + (xm + ym) (x^	 + y^ )
f
2xm ym	xm - ym
- I 2	 2 2 cos a+ 1+	 2	 2 2 sin aL(x 
m 
+ y
m	 m	 m
)	 (x + y )
(D-6)
(D_7)
where the lengths have been nondimensionalized by the radius (r = a).
The flow field equations in polar form are obtained by substituting x = - r
cos g, y = r sin & into Equation D-1. In this polar coordinate system, posi-
tive angles are measured clockwise starting from the forward stagnation
point of the cylinder.
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The velocity components at vortex j clue to vortex k and its image are:
Irk	
cos	 (6 k - 6	 ) -	 r.]
J
.
J
be =	 -	 kk.
r j ` 	+	
rk,	
-	 2r j rk cos (e k
	=	 6j)l
Ir /
	 cos	 (6 k r.	 1
k
r j ` +	 r/ k 2	-	 2r t k r j cos (e k -	 6j)
e	 )rk sin	 (6k	 - J_
Urj kk rj`	 +	 rk2	
-	
_r j
r 
cos (e k	 -	 ej)
r/	 sin	 (6 -	 6.) 1k
— (D-y)
_.
2
cos (6krj+
r^k	 -	
2r' k r j
where
r /k = )/r k
Using the small-angle assumptions,
cos (6 k - 6 j )	 1 -	 2
sin (6k - e j ) = 6k - 6j
these relationships become
(	 (r	 - r.)	 r	 (1 - r	 r.)
U =- kk 1-	 k2	 J	 2-	 k	 2 k J	 2	 (D- 10)6
(rk- r j )	 + rk rj ( e k - 6 j )	 (1 - rk rj ) + rk rj (6 k -e j ) J
Ur = }:k rk (e k -6 )' —
k
— ,	 1	
-2 -	 1	
1	 (U - 11)
J l (r -r.)`+r 
k 
r.J	 k(e -e.J	 k	 k j	 k)	 (1-r r.) `+r r (6 -6 )`J	 J	 j
where the terms r k (e k -6 ) `/2 and rk(e k -e ) z/^ are ignored, since they are of
order Ar2.
	
J	 J
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Pressure Coefficient
The pressure equation for incompressible, inviscid, irrotational flow
under conservative forces is
p + 1 2q + Q - 8t = C(t)	 (D-12)
If there are no body forces (4=0) and the flow is steady at x = 	 Equation.
(D-12) becomes
P	 1 2	 a^
p + 2 q - at-^o
where
C = !-+ 1 q2l
o	 I p 	
JJII
The pressure coefficient is
p-per2
P	 pq, /2	 q^	 qa
2 at
where ¢ is the real part of w. The pressure coefficient C p (x,y) becomes
(o co = Uo)
	
/ 2	 211
L
K.	 (u-	 u.-	 -x. v.	 x -x. v. — ^—	 u.
	
+ 2 n	 —^	
y j l	 l	 i	 +(	 1 ^ j	 ^, YJ J
E (	 2
` U oa 	x-x.) 2 + (Y-Y . ) 2	 i 
2 
(Y-Y
	
J =1	 (	 J	
x-xJ 	 +J 1
.
w a j
E
(_ K
Uoa	
-1 p)	 1 y-Y'+ 2
	 — tan ^—x^ - tall	 (D-13)
at	 x-xj	 x-xl
	
j=1	 ^
FORCRS
Net lift ar,l drag forces on the cylinder may be obtained by direct
numerical integration of the cylinder nonsteady pressures, as expressed by
Equation D-13. The Impulse Theorem, however, provides a much simpler, and
computationally more rapid means of evaluating these forces. Accordingly,
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the impulse of a pair of vortices of equal and opposing strength located
a aistance, Az, apart, is
I. = i 2 n p K. Az.
J	 J	 J
Since each discrete vortex has its "image" within the circle, the
impulse from all the vortices in the field may be described by superposition
of such elementary impulses. If the ext.anal vortices are all free, the
force acting on the cylinder then becomes the Lime derivative of this impulse.
D+ iL= dt
where
n
I= -i 2 n P E Kj (z j - z^)
Hence
n	 n aK.
C D - iCI = -i 
U? as
	
r K .
J
 li - ii 1 + r -
	
^z - zl	 (D-14'L^  
j=1	 j=1
Thus the force computation indicated by Equation D-14 involves a single
sammation of products of vortex strengths and their respective velocity
components. The teen involving time rat; of change in vortex strength
applies only to those vortices being generated at the cylinder surface, and
in the present formulation is limited to a maximum of three vortices. The
correctness of Equation D-14 was checked in a previous study by direct
comparison with forces obtained by numerical integration of the nonsteady
pressures given by Equation D-13.
D1O1ENT COUPLE ANALOGY OF A VORTEX DOUBLET
A vortex doublet has been found to be a convenient means for trans-
ferring a vortex from one Foint to another without significant change, except
locally, in the flow field. Such a transfer becomes desirable in the appli-
cation of influence coefficients to vortex velocity computations, since the
coefficients relate field velocity at points m due to vortices at joints j
in a predetermined relative geometric arrangement. The points m should not
be too close to points j for this method to apply. The limiting closeness
is defined in terms of the ratio of transfer distance, c, to separation
distance between m and j.
D-6
SD 68-332
D-7
SPACE DIVISION of NORTH AMERICAN ROCKWELL CORPORATION
Consider a vortex at z to be transferred to the point z + Oz where
Az = ceie
The potential at z' is
w(z') = ik I log I z' - (z +Az 1 - log (z , -z),
= ik(-Az) l og (z' - z - Az) - lo g (z' -z)	 (D- 15))
then
w(z") _ - ikcele log (z' -z-Oz) - log ( z' -z)	 (D-16)
- Az
Now, if Az-0  holdiau kc = m with e fixed; then
lim w(z') = _ imeieZ/ -z
	
(D- 17)
ie
u-iv = d7 lim w(z') = irze 	 = i (m x +im y)	 (D-18)dz	 (z" -z )2	 (z" -z)2
imx
 - my
u-iv =	 (D- 1^)(x -x + i(y" _ y) ) 2
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Rationalizing the denominator and collecting real and imaginary parts
yields
-m	 I(x'  
-x) 2 - (Y ' -Y)21 + 2 mx (x' -x) (y' -y)
U =	 Y	 (D-20)
I(x " -x)2 + 
(Y/ -Y)2
1
 2
-mx I (x' -x) 2 - (Y' -Y) 2 1 - 2 my (x' -x) (Y' -Y)
v =	 (D-21)
I(X l
 
- x)2 + (y  -y)2 1 2
Simple estimates of the maximum percentage error in velocity
incurred by the use of a vortex doublet can be made. Consider first the
error induced at points collinear with the two points A (containing the vortex)
and B, to which the vortex at A is to be transferred.
Ar r
C
B	 A
C
v
The exact expression is
	
u = 0
	 (D-22)
k
v= - —
r
and	 the approximate expression, from Equations D-20 and D-21. is
	
u = 0
	 (D-23)
- mx	k	 -k	 Or /r	 1
V	
+
	(r +p r) 2 r +Or r	 1 + 2 or 1 + Dr
r	 r
where mX
 = kAr, from Equation D-18.
Referring to the following sketch, the maximum value of A r/r occurs
for a vortex bordering the inside edge of the grid array, at point Ol or r;
At these points the value of Or/r would be
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(D
0
in the ratio of4. The corresponding value of the term in brackets is
f
1/4	 +	 1	 l 	 29
1 + 1/2 1 + 1/41 30
implying a maximum error of about 3 percent.
As another extreme, considering the point C to lie along the perpen-
dicular to AB and passing through A, the exact velocities at C are
k
u=—
r
v = 0
The approximate values are
	
mY (A r)
	 + k =
	
2 ^	 +2	 2	 l l
) z 	 z	
r
_
l
	
;ter + r	
( r ) +\Or/
v = - mx
	
Ar2-r2
	 k r	 1
- -
	
2	 Or	 2 2
	
\Ar2 + r2/	 1 + rOr2
(D-24)
(D-25)
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For or/r = 1 ,
4
u = k (1.052)
r
v - _ T (0,028)
Sign Convention Used for the Vortex Do ub l ets
A positive vortex transferred in a positive direction produces a
positive doublet. According to this definition, a positive x-doublet produces
lax
O G
A	 B
a positive v velocity to its right, and also to its left.
A positive y-doublet induces a negative u velocity above and below itself.
B
/ V \
+Ay
A
^O^
CARTESIAN GRID INFLUENCE COEFFICIENTS
Velocity influence coefficients are defined on a modular basis. The
use of a Cartesian grid system has been found to permit the use of a single
normalized set of influence coefficients. The coefficients for any given
grid level are different from this set only by a simple multiplicative constant.
The basic geometric array of grid squares employed in the multilayered
grid system approach is sketched below.
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6
5
4
3
Z
1
C I D
A I B
1	 2	 3	 4	 5	 6
Although a 6 x 6 set of coefficients is used in the grid velocity compu-
tations, a 7 x 7 array of normalized coefficients is required in core storage
to cover the different array required for each of the four quadrants. For
example, the coefficients for the grid square labeled A would range from
Cx-2 to Cxt3 in x and
C y-2 to C y+3 in y, etc.
The velocity induced at the center of a given grid square is composed,
in general, of contributions from three quantities, the accumulated grid
vortices, and x and y vortex doublets generated during the course of summing
vortices into grid centers. Since u and v velocity coefficients are required
for each of these, a total of 6 sets of the 7 x 7 coefficients are required—a
total of 300 storage locations.
The coefficients for the 3 x 3 encompassing each grid square are nulled,
since exact computations are used for the vortices they contain. For each
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level, the normalized influence coefficients for grid vortices are multiplied
by the inverse of 2 n , where n is the grid level being formed. The doublet
coefficients are multiplied by 22n.
If (x, y) and (x", y') are centers of two grid boxes of size A , and i and
j are given by
x - x = i°	 (D-26)
y-y 	 (D-27)
then from Equations D-20 and D-21,
( x ^ -x) 2 - (y^ Y) 2
	1	 i2 - j2 ( D-28)
f( x ^ - x ) 2 + ( Y / -Y)21 2
	
°2 ( i2 + j2)2
2 ( x' -x) (Y	 Y)	 1	 2 ij
	
2	 (D-29)
^( x " - x ) 2 + ( Y ' -Y)21	 °2 ( i2 + j2) 2
The influence coefficients used are the terms
	
.2	 .2
	D(i, j) _	 -	 (D-30)
( i2 j j 2 12
	
P(i, j) _	 2ij 2	 (D-31)
( i2 + j2)
Division by ° 2
 is performed after all the contributions D and P have
been accumulated.
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An alternative derivation of the moment influence coefficients, one
which makes more clear the nature of the approximating process, is given
now. Let the origin of coordinates be located at the center of the 7 x 7 array
covered by the influence coeff dents. Let (x o , yo ) be the center of one of
the grid boxes outside the 3 x 3 in the center, and let (x, y) be the actual
location of a vort c. We seek the velocity at the origin.
y
i
I= 1
	
2	 3	 4 I	 5	 6	 7
The velocity components u and v at the origin owing to a vortex of strength k
at (x, y) can be approximated as follows:
a u (x	 y )	 du (x	 y )
U (x y'	 u (xo yo) +	 o	 o (x - xo) +	 o	 o (y - yo )	 (D-32)
ax	 ay
and
v(xo y )	 av(x	 y )v (x y) ='v (xo yo) +	 o (x - x0) +	 o	 o (y - yo ) (D-33)
ax	 y
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From
l:y
U = _	 (D-34)
x 2 + y2
and
kx
V =	 (D-35)
X 2 + y2
we obtain the partial derivatives
a u _ k
	
2xy	 (D-36)
a x	 (x2 + y2)^
a U
= - k h
2 
_ y 2	 (D-37)
a Y
	
(xZ + Y2)2
2	 2a v_ - k x - y	 (D-38)
a x	 (x2 + Y2)2
and
a v _ -k	 2xy	 (D-39)
a Y	 (x2 } Y2)2
Substituting D-36 through D-39 into D-32 and D-33, we obtain
2x y	 x 2_ y 2
U (x, y) - u (x	 y ) + k (x - x )	 o u	 - k (y - Y )	 o	 o	 (D-40)0	
o
0	 0 1x 2+
	
2)2
	 0 (x 
o 
2 +	 Z
yo 	 yo
2
and
x 2 - y 2	 2x y
v (x, y) = v (x
	 y ) - k (x - x )
	 °	 °	 - k {y _ y )	 ° °	 (D-41)0 0	 0 
(x 
2+	 2) 2	 0 
lx 
2+
	
2)2
o	 yo	 o	 yo
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The terms u (x o , yo) and v (x o , yo ) are, of course. the velocity components
owing to a vortex at (xo, y o ) and the terms containing k (x - xo ) and k (y - yo)
are the moment contriubtions arising from the moving of the vortex from
(x. y) to (xo, Yo).
Polar Grid Influence Coefficients
The radial and angular velocity at location j due to vortices at location
k is given by (see Equations D-8 and D-9)
Kk
 r  sin ( 6 k 
- 6.)
Ur =	
2	
2	 J	 (D - 42)
	r 
	 + r 	 2rkr j cos ( 6k - 6^ )
- Kk I r k cos (6k - 0. 1 ) - `jl (D-43)6j	 2	 L
	r
k	 J
+ r. - 2r 
J
	
k 
r,	
k
cos (e - 6 .
J )
These equations can be rewritten in a form more suitable for use as
influence coefficients.
r•Ur.
Kk
r
k sin (6
	
r	
k
	
J	 J
2
1 
4 rk	 - 2 rk cos ( 6 k - 6. )
J	 J	 J
r
r U
	
1 - rk cos (6k - 6 . )
J e j_	 J J
Kk
	
(r)2 
	 r
I +	
rk	
- 2 
rk cos (6k - 6.)J
J	 J
(D-44)
(D-45)
Let the radial distance to kth primary and image location be defined as
rk = P k 2
D-15
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and
-j+1
r/ = P	 2
J
respectively, where p is a constant for any grid size.
Then —T fork primary and image location is - - = P k- and - = P 1 - ( k +j ),r	 i i	 r^
r
respectively. Define (6k - 6 ^) as 06 and r as OR; then the equations for the
influence velocities become
r.0
r	 pR sin 416
K k	 1 +&R  - 2AP cos A6
r.0
1 6 =	 1 - AR cos 06	 (D-47)
K k	 1 + AR  - 20R cos A6
The expressions on the right side of Equations D-36 and D-37 are the
influence coefficients used in the program. They are calculated at the center
of all the various grid boxes.
p-1b
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APPENDIX E
COMPUTER PROGR41 DEFINITIONS
CARTESIAN GRID SYSTEM
HIRE PROGRAM (HIGH REYNOLDS NUMBER)
The following description of the HIRE computer program provides an
indication of the operations performed in the numerical solution. "The pro-
gram is written in Fortran G and is operational on an IBM 360 with an
I Model core of 512,000 bytes. The program utilizes practically all of the
core available above the NR operating system. An overall flow chart shown
in Figure E-1 illustrates the basic sequential operations.
Standard input is a namelist array, IPHIRE, which is defined below.
A single pair of free vortices can be introduced as XOU and YOU and its
strength as S(1). The program reflects the geometry to comp'ete the pair.
Wnen XOU = 0.0. the program, calls for a second namelist input array,
IPXYS, in which NN values of XIP, YIP and SIP are read to describe the
initial condition flow field. The third type input when CORT (cards or
tape) = 1 . , reads the restart tape produced in previous run in the kickoff
subroutine, KIKG.
The program terminates on two input values iDNC, total number of
vortices to be calculated including the 360 representing the cylinder or
ITFIN, the integer problem final time.
Following data read, the first step is identification of each vortex
according to its Leve: 'Zero grid square number 9 . At 2.00 , the one
time computation of influence coefficients is performed. This is followed by
the finite difference time loop which, in the executive program, consists
mainly of subroutine call statements and output and termination logic. The
subroutines are briefly described.
Image Subroutine
Image vortex coordinates are computed, and logical tests separate
image vortices according to the RFAR, RNEAR, and REPS values specified
as input. Image vortices inside RFAR are identified according to their
level-zero grid square numbers. Image vortices are prepared for velocity
computations.
E-1
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HIRE
MAIN PROGRAM
NTIME = 0 NACCF = 0
TIME	 = 0 NACCP = 0
xOU
	 = 0 NACCL = 0
You	 = 0 ILEV	 = 1
SET GRAPH CONSTANTS
REAL` IPHIRE
WRITE IPHIRE
20	 CALCULATE CONSTANTSDEFINE CYLINDER X AND Y
NN NPCIR
NFRE = NPCIR + 1
CORT = 1
XOU = 0.0
READ
RESTART
TAPE	 ,
3J
SINGLE INITIAL MULTIPLE INPUT
PAIR VORTICES
X(NNH) = XOU
Y(NNH) = YOU READ IPXYS
X(NN+2) = X0 1 ! WRITE IPXYS
Y(NN+2) = YOU
S(NN-2) = S(1) 40
RELOCATES(NN+2) = S(2)S(1) = 0.0 X, Y, SS(2) = 0.0
NN = NPCIR + NN
CALCULATE	 OIDX AND IDY	 CALCULATE
IN IDUM	 IDX AND IDY
NN w NN + 2	 IN IDUM
55
DEFINE NOC
NUCZ = NOC
IDC (1) = NOC
NOC=1
Figure E-1. Main Program Flow Chart
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Sort Subroutines
The three sort subroutines, SORTB, SORBIM, and SORT2 order the
VORTEX SEQUENCE NUMBERS (their introduce sequence) according to
their identifying level-zero grid square numbers. An extremely efficient
sorting scheme was devised by one of the investigators and is considered a
significant feature of this program. Attention is directed to the logic
representing this technique in these subroutine listings.
LE V Z Subroutine
The first of the grid levels is formed in this subroutine from the
individual vortices.
LEVEL Subroutine
Forms successively higher grid level vortex strengths, doublets and
grid velocities to the highest level specified.
EXACT Subroutine
Computes the exact velocity contributions for each vortex from those
in the surrounding 3 x 3 level-zero grid square and combines with grid
velocity to form total vortex velocities.
PAPG Subroutine
Output printing and CRT graphing is done by this subroutine.
FORCE Subroutine
Cylinder lift and drag coefficients are determined by summation of
vortex and image strength-velocity product summations. Pressure
coefficient computations were	 performed in this program.
LUNCH Subroutine
Logic and computations for determining vortex feeding point locations
and strengths of new vortices is carried out with this subroutine LUNCH
(for feed).
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IPHIRE Input Data
Namelist input array. Items preceued by .,_ not required for restart
cast,	 '` optional changes for restart case.
NN Number of free vortices to be read in
IPXYS
y= XOU I Position of single vortex to initiate single
YOU I pair initial condition
DELT Integration time increment
LUNT Integer factor of DELT to call LUNCH sub-
routine to introduce new vortices to flow
field
=* NFOR Integer factor of DELT to call FORCE sub-
routine Lo calculate lift and drag forces
NPLOT Integer factor of DELT to call PAPG
subroutine to produce printed and graph
data
NSTEP(5) Integer factors to create M2, M3, M4, M5
values which are used in a MOD function to
decide which various levels in grid to reach
during integration
NFEED Number of vortices to be introduced per
feed time
IGRP(5) Top level of five groups
IDNC Desired number of vortices to complete run
ITFIN integer number of DELT to complete run
RNEAR Radius such that vortices between cylinder
and RNEAR have images in BIM matrix
RFAR Radius of far field where vortices have
images at center of cylinder
E-4
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REPS
RIM
CONDR
Radius to control boundary layer
representation
Radius used in LEVZ subroutine to set flag
in LGUM array
Dimensionless radial distance from cylin-
der at which vortices are introduced into
field
XSHF	 Positive shift of from left grid to center of
c ylinde r
YSHF	 Positive shift from bottom grid to center of
cylinder
GRDZ	 Level zero (smallest) grid size
NIL(15) Array to define assigned storage location
of each of fifteen possible levels in GRID
matrix
JLEV(15)	 Input JLEV(1) only to prezero grid to.
= 0.0 to read IPXYS (multi-vortices initial
condition)
CO RT
= 1.0 to read tape 10 (restart condition)
NPES Number of points on each side of tangential
velocity point. Value of 2 adequate for 360
points on cylinder.
NPCIR	 Number of evenly spaced points to repre-
sent cylinder
CASENO	 Case number in format MMDD. YRCC
where MM is month, DD is day, YR is
year, GC is case number.
i,,UlXDIM	 Maximum length of counter arrays used to
prezero KUMC array during sort routines.
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